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Abstract

Moti vation: A major challenge in gene expression
analysisis effective dataorganizationandvisualization.
Oneof themostpopulartoolsfor this taskis hierarchical
clustering. Hierarchicalclusteringallows a userto view
relationshipsin scales ranging from single genes to
large setsof genes,while at the sametime providing a
globalview of theexpressiondata.However, hierarchical
clustering is very sensitive to noise, it usually lacks
of a method to actually identify distinct clusters,and
producesa large numberof possibleleaf orderingsof
thehierarchicalclusteringtree. In this paperwe propose
a new hierarchicalclusteringalgorithm which reduces
susceptibility to noise, permits up to � siblings to be
directly related,andprovidesa single optimal order for
theresultingtree.

Results: We presentan algorithm that ef�ciently con-
structsa � -arytree,whereeachnodecanhaveupto � chil-
dren,andthenoptimallyorderstheleavesof thattree.By
combining � clustersat eachstepour algorithmbecomes
more robust againstnoiseandmissingvalues. By opti-
mally orderingthe leavesof the resultingtreewe main-
tain the pairwiserelationshipsthatappearin theoriginal
method,withoutsacri�cing therobustness.

Our � -ary constructionalgorithm runs in ���	��

� re-
gardlessof � andourorderingalgorithmrunsin ���	���
��
�� .
We presentseveral examplesthat show that our � -ary
clusteringalgorithmachievesresultsthat aresuperiorto
the binary tree results in both global presentationand
clusteridenti�cation.

�

To whomcorrespondenceshouldbeaddressed

Availability: Wehave implementedtheabovealgorithms
in C++ on the Linux operatingsystem. Sourcecodeis
availableuponrequestfrom zivbj@mit.edu.

1 Intr oduction

Hierarchicalclusteringis oneof themostpopularmethods
for clusteringgeneexpressiondata.Hierarchicalcluster-
ing assemblesinput elementsinto a singletree,andsub-
treesrepresentdifferentclusters. Thus,usinghierarchi-
cal clusteringonecananalyzeandvisualizerelationships
in scalesthat rangefrom largegroups(clusters)to single
genes.However, hierarchicalclusteringis very sensitive
to noise,sincein a typical implementationif two clusters
(or genes)arecombinedthey cannotbeseparatedevenif
fartherevidencesuggestsotherwise[12]. In addition,hi-
erarchicalclusteringdoesnotspecifytheclusters,making
it hardto distinguishbetweeninternalnodesthatareroots
of aclusterandnodeswhichonlyholdsubsetsof acluster.
Finally, theorderingof theleaves,which playsanimpor-
tantrole in analyzingandvisualizinghierarchicalcluster-
ing results,is not de�ned by the algorithm. Thus, for a
binary tree,any oneof the ������� orderingsis a possible
outcome.

In this paperwe proposea new hierarchicalclustering
algorithmwhich reducessusceptibilityto noise,permits
up to � siblingsto bedirectly related,andprovidesa sin-
gleoptimalorderfor theresultingtree,withoutsacri�cing
the tree structure,or the pairwiserelationshipsbetween
neighboringgenesandclustersin theresult.Oursolution
replacesthe binary treeof the hierarchicalclusteringal-
gorithmwith a � -ary tree. A � -ary treeis a treein which
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eachinternalnodehasatmost � children.Whengrouping
� clusters(or genes)together, we requirethatall theclus-
ters that aregroupedtogetherwill be similar to onean-
other. It hasbeenshown (e.g.in CLICK [12]) thatrelying
on similaritiesamonglargegroupsof geneshelpsreduce
thenoiseeffectsthatareinherentin expressiondata.Our
algorithmutilizesthisideafor thehierarchicalcase.In our
case,weareinterestedin groupsof genesthataresimilar,
wherethenotionof similarity dependsonthescaleweare
lookingat.

The numberof children of eachinternal node is not
�x ed to � . Rather, � is an upperboundon this number,
andif thedatasuggestsotherwisethis numbercanbere-
duced.An advantageof sucha methodis thatit allowsus
to highlight someof the actualclusterssincenodeswith
lessthan � childrenrepresenta setof genesthataresim-
ilar, yet signi�cantly differentfrom therestof thegenes.
Sucha distinction is not available when using a binary
tree.

Finally, our algorithm re-ordersthe resulting tree so
thatanoptimally orderedtreeis presented.This ordering
maximizesthesumof thesimilarity of adjacentleavesin
the tree,allowing us to obtainthebestpairwiserelation-
shipsbetweengenesandclusters,evenwhen �

�

� .
Therunningtime of our algorithm(for smallvaluesof

� ) is ���	��

� , which is similar to the runningtime of cur-
rently usedhierarchicalclusteringalgorithms.Ourorder-
ing algorithm runs in ���	� 

� for binary trees,while for

�

�

� our algorithmrunsin ���	� � ��
�� time and ��� ���

�

�

spacewhich is feasibleeven for a large � (when � is
small).

The restof the paperis organizedasfollows. In Sec-
tion 2 wepresentanalgorithmfor constructing� -arytrees
from geneexpressiondata. In Section3 we presentthe
new ���	��

� optimal leaf ordering algorithm for binary
trees,and its extensionto ordering � -ary trees. In Sec-
tion 4 we presentour experimentalresults,andSection5
summarizesthe paperandsuggestsdirectionsfor future
work.

1.1 Relatedwork

Theapplicationof hierarchicalclusteringto geneexpres-
sion datawas �rst discussedby Eisen[7]. Hierarchical
clusteringhasbecomethe tool of choicefor many biol-
ogists,andit hasbeenusedto both analyzeandpresent
geneexpressiondata[7, 14, 10]. A numberof different
clusteringalgorithms,which are more global in nature,
wheresuggestedandappliedto geneexpressiondata.Ex-
amplesof suchalgorithmsareK-means,Self organizing
maps[15] andthegraphbasedalgorithmsClick [13] and
CAST [3]. Thesealgorithmsgenerateclusterswhich are
all assumedtobeonthesamelevel, thusthey lacktheabil-
ity to representthe relationshipsbetweengenesandsub

clustersondifferentscalesashierarchicalclusteringdoes.
In addition,they areusually lesssuitablefor large scale
visualizationtasks,sincethey donotgenerateaglobalor-
deringof the input data. In this work we try to combine
therobustnessof theseclusteringalgorithmswith thepre-
sentationand�e xible groupingscapabilitiesof hierarchi-
cal clustering.

Recently, Segal and Koller [11] suggesteda proba-
bilistic hierarchicalclusteringalgorithm, to addressthe
robustnessproblem. Their algorithmassumesa speci�c
modelfor geneexpressiondata.In contrast,ouralgorithm
doesnot assumeany modelfor its input data,andworks
with any similarity/distancemeasure. In addition, in
this paperwe presenta methodthat allows not only to
generatethe clustersbut also to view the relationships
betweendifferent clusters, by optimally ordering the
resultingtree.

The problem of ordering the leaves of a binary hi-
erarchicalclusteringtree datesback to 1972 [9]. Due
to the large numberof applicationsthat constructtrees
for analyzing datasets,over the years, many different
heuristicshave beensuggestedfor solving this problem
(cf. [9, 5, 8, 7]). Theseheuristicseither use a ' local'
method,wheredecisionsaremadebasedon local obser-
vations,or a 'global' method,whereanexternalcriteriais
usedto ordertheleaves.For thelocal methods,decisions
madein anearlystageof theorderingareirreversible,and
thuscanleadto lessthanoptimal orderin the following
steps.For theglobalmethods,�tting anexternalcriterion
thatwasgeneratedin adifferentway is infeasiblein most
cases,sincethereare ��� possibleglobalorderings,while
only � ����� of themareconsistentwith thetree.

In order to overcomethesedrawbacks,Bar-Joseph���

�	� [2] presentedan ���	��
 � algorithmthat maximizesthe
sumof thesimilaritiesof adjacentelementsin theorder-
ingsfor binary trees.This algorithmmaximizesa global
functionwith respectto the treeordering,thusachieving
bothgoodlocal orderingandglobalordering. In this pa-
per we presentan improved algorithmfor this task, that
hasa runningtime of ���	� 

� . Suchan improvementre-
ducesthe runningtime from hoursto just a few minutes
on large datasets,making the algorithm much more at-
tractivesincemostsoftwarepackages(includingCluster)
performhierarchicalclusteringin ���	� 

� . A secondexten-
sion is performedin orderto usethealgorithmfor � -ary
treesinsteadof binarytrees.

The problem of ordering the leaves of a binary hi-
erarchicalclusteringtree datesback to 1972 [9]. Due
to the large numberof applicationsthat constructtrees
for analyzing datasets,over the years, many different
heuristicshave beensuggestedfor solving this problem
(c.f. [9, 8, 7]). Theseheuristicseitherusea' local' method,
wheredecisionsaremadebasedon local observations,or
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a 'global' method,whereanexternalcriteriais usedto or-
dertheleaves.In [2] Bar-Joseph���

�	� presentedan ���	� 
 �

algorithm that maximizesthe sum of the similarities of
adjacentelementsin the orderingsfor binary trees.This
algorithmmaximizesaglobalfunctionwith respectto the
treeordering,thusachieving bothgoodlocalorderingand
globalordering.In this paperweextendandimprovethis
algorithmby constructinga timeandspaceef�cient algo-
rithm for ordering � -ary trees.

Recentlyit hascometo our attentionthat the optimal
leaf orderingproblemwasalsoaddressedby Burkard ���

�	� [4]. In thatpapertheauthorspresentan ��� ���
��
�� time,
��� ���
�

�

� spacealgorithmfor optimalleaforderingof PQ-
trees.For binarytrees,their algorithmis essentiallyiden-
tical to thebasicalgorithmwe presentin section3.2,ex-
ceptthatweproposeanumberof heuristicimprovements.
Althoughthesedonotaffect theasymptoticrunningtime,
we experimentallyobservedthat they reducetherunning
timeby 50-90%.For � -trees,thealgorithmsdiffer in their
searchstrategiesover thechildrenof a node. Burkardet
al. suggesta dynamicprogrammingapproachwhich is
morecomputationallyef�cient ( ��� � �
��
�� vs. ���	��� ��
�� ),
while we proposea divide andconquerapproachwhich
is morespace-ef�cient ( ��� ���

�

� vs. ��� �
�

�

�

� ). Thenum-
berof genes( � ) in anexpressiondatasetis typically very
large, makingthe memoryrequirementsvery important.
In our experience,the lower spacerequirement,despite
thepricein runningtime,enablesusinglarger � s.

2 Constructing
�

-ary Trees

In this sectionwe presentan algorithmfor constructing
� -ary trees. We �rst formalize the � -ary tree problem,
andshow that �nding an optimal solutionis hard(under
standardcomplexity assumptions).Wepresentaheuristic
algorithmfor constructing� -ary treesfor a �x ed � , and
extendthis algorithmto allow for nodeswith at most �

children.

2.1 Problem statement

As is the casein hierarchicalclustering,we assumethat
we aregivenagenesimilarity matrix � , which is initially
of dimensions� by � . Unlike binary treeclustering,we
areinterestedin joining togethergroupsof size � , where

�

�

� . In this paperwe focus on the averagelinkage
method,for which theproblemcanbeformalizedasfol-
lows. Given � clustersdenoteby � thesetof all subsets
of � of size � . Our goal is to �nd a subset����� s.t.

�

��� �
	��

��
��

�

����� ��� ��������� where
�

is de�ned in the
following way:

�

��� ��	 �

��� � ��!"� ��#$�

� ��%'&)(�� (1)

That is,
�

��� � is the sum of the pairwisesimilarities in
� . After �nding � , we merge all the clustersin � to one
cluster. Therevisedsimilarity matrix is computedin the
following way. Denoteby % a clusterwhich is not a part
of � , andlet theclusterformedby themergingtheclusters
of � bedenotedby ( . For a cluster � , let � ��� denotethe
numberof genesin � , then:

� ��%'&)(���	+*-,

��!

� ��� � ���.&/% �

*
,

��!

� ���

whichissimilarto thewaythesimilarity matrixisupdated
in thebinarycase.Thisprocessis repeated�	�10
2
�43 � �50
2
�

timesuntil we arrive at a singleroot cluster, andthe tree
is obtained.
Finding � in eachstepis the mostexpensive part of the
above problem,as we show in the next lemma. In this
lemmawe usethe notion of 6�7 2 8 hardness.Underrea-
sonableassumptions,a 6�7 2 8 hardproblemis assumedto
be 9:%




�<;>=

��? �

� ��� �

? intractable,i.e. thedependenceon
� cannotbeseparatedfrom thedependenceon � (see[6]
for moredetails).

Lemma 2.1 Denoteby @

��


�A%)� � ��� theproblemof �nd-
ing the�r st � setfor a given � . Then@

��


�A%)� is NP-hard
for arbitrary � , and 6�7 2 8 hard in termsof � .

Proof outline: We reduce MAX-CLIQ UE to
@

��


�A%)� � ��� by constructinga similarity matrix ��B

and setting �CB ��%'&)(��D	E2 if f there is an edgebetween
% and ( in F . Since MAX-CLIQ UE is NP and 6�7 2 8

complete,@

��


�A%)� � ��� is NP and 6�7 2 8 hard.

2.2 A heuristic algorithm for constructing
G

-ary tr ees

As shown in theprevioussection,any optimalsolutionfor
the � -ary treeconstructionproblemmight be prohibitive
even for small valuesof � , since � is very large. In this
sectionwepresentaheuristicalgorithm,whichhasarun-
ning timeof ���	��

� for any � , andreducesto thestandard
averagelinkageclusteringalgorithmwhen �-	 � . The
algorithmis presentedin Figure1 andworks in the fol-
lowing way. Startingwith a set of � clusters(initially
eachgeneis assignedto a different cluster),we gener-
ate H

� which is a linkedlist of clustersfor eachcluster % .
The clusterson H

� areorderedby their similarity to % in
descendingorder. For eachcluster % we compute

�

���

�

�

where �

� consistsof % andthe clustersthat appearin the
�rst �I0J2 placeson H

� , and
�

is thefunctiondescribedin
equation1. Next, we �nd �K	

��?ML

�

��


�

�

�

���

�

�'� , theset
of clustersthathavethehighestsimilarity amongall the �

�

setsthatareimpliedby the H

� list. We mergeall theclus-
tersin � to a singleclusterdenotedby = , andrecompute
thesimilarity matrix � . After �nding � andrecomputing
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� wegoover the H

� lists. For eachsuchlist H

� , wedelete
all the clustersthatbelongto � from H

� , insert = andre-
compute�

� . In addition,we generatea new list H

� for the
new cluster= , andcompute�

� .
Note that using this algorithm, it could be that even

though ( and % arethemostsimilar clusters,( and % will
notendupin thesame� group.If thereis acluster� s.t. ���

includes% but doesnot include ( , andif
�

����� �

�

�

���

�

� ,
it couldbe that ( and % will not be in thesame� cluster.
This allows us to usethis algorithm to overcomenoise
andmissingvaluessince,even whenusingthis heuristic
westill needastrongevidencefrom otherclustersin order
to combinetwo clusterstogether.

Therunningtime of this algorithmis ���	� 

� . Generat-
ing the H

� s lists canbedonein ���	�

��� ���

� � , and�nding
�

� for all genes( canbe donein ��� time. Thusthepre-
processingsteptakes ���	�

��� ���

� � .
For eachiterationof themain loop, it takes ���	� � to �nd

� , and ���	� ��� to recompute� . It takes ��� ���

�
	

�

��	

��� �

to deleteall the membersof � from all the H

� s, insert
= into all the H

� s and recompute�

� . We needanother
���	�

� ���

�

	

��� timeto generateH

� andcompute�

� . Thus,
the total runningtime of eachiterationis ��� ���

�

� . Since
themain loop is iterated �	� 0�2
�43 � � 0�2
� time, the total
runningtimeof themainloopis ��� � �	� 0 2
� �

�

3 � � 0 2
� � 	

���	��

� which is alsotherunningtimeof thealgorithm.
The running time of the above algorithm can be im-

provedto ���	�

��� ���

� � by usinga moresophisticateddata
structureinsteadof the linked list. For example,using
Heaps,thepreprocessingstephasthesamecomplexity as
we currently have, and it can be shown that the (amor-
tized) cost of every step in the main loop iteration be-
comes���	�

� ���

� � . However, sinceourorderingalgorithm
operatesin ���	��

� , thiswill notreducetheasymptoticrun-
ningtimeof ouralgorithm,andsincetheanalysisis some-
whatmorecomplicatedin theHeapcaseweleft thedetails
out.

2.3 Reducingthe number of children

Using a �x ed � canleadto clusterswhich do not have a
singlenodeassociatedwith them. Considerfor example
a datasetin which we areleft with four internalnodesaf-
ter somemain loop iterations. Assume �-	 � and that
the input datais composedof two real clusters,A andB
suchthat threeof thesubtreesbelongto clusterA, while
the fourth subtreebelongsto clusterB (seeFigure2). If

� was�x ed,we would have groupedall the subtreesto-
gether, which resultsin acluster(A) thatis notassociated
with any internalnode. However, if we allow a smaller
numberof childrenthan � wecouldhave�rst groupedthe
threesubtreesof A andlatercombinethemwith B at the
root. Thiscanalsohighlight thefactthatA andB aretwo
different clusters,sincenodeswith lessthan � children

A1 A2 A3 A2 A3
B BA1

A

Figure 2: Fixed vs. non �x ed � . In the left handtree � is
�x ed at 4. This resultsin a cluster(A) which doesnot have
any internalnodeassociatedwith it. On theright handside � is
at most4. Thus,the threesubtreesthat form clusterA canbe
groupedtogetherandthencombinedwith clusterB at theroot.
This resultsin aninternalnodethatis associatedwith A.

representa setof genesthataresimilar, yet signi�cantly
differentthantherestof thegenes.

We now presenta permutationbasedtestfor deciding
how many clustersto combinein eachiteration of the
main loop. Thereare two possibleapproachesone can
take in orderto performthis task. The �rst is to join as
many clustersaspossible(up to � ) unlessthedataclearly
suggestsotherwise. The secondis the opposite,i.e. to
combineasfew clustersaspossibleunlessthedataclearly
suggestsotherwise.Sincewe believe that in mostcases
morethan2 genesareco-expressed,in this paperwe use
the �rst approach,andcombineall � clustersunlessthe
dataclearlysuggestsotherwise.

Let � 	�
 and assume � 	 ��� , i.e. ��� 	

��?ML

�

��


�

�

�

���

�

�'� where % goesover all the clusterswe
have in this step. Let ; be the �rst clusteron H�� andlet

� be the secondcluster. Since ; is the �rst on H�� , it is
the most similar to � . We now wish to decidewhether
to combinethe�rst two clusters( � and ; ) or combineall
threeclusters.Let �

��
��

	��

��
��

� ��� & � ��&'� � ; & � �'� , that
is �

� is themaximalsimilarity between� andoneof the
two clusterswe will combinein any case.In orderto test
the relationshipbetween�

��
�� and � ��� &4;�� , we perform
the following test. In our case,eachcluster � is associ-
atedwith a pro�le (the averageexpressionvaluesof the
genesin � ). Assumeour datasetcontains� experiments,
and let =���& =�� and =

� be the threeclusterspro�les. Let
= be the 3 by � matrix, whereevery row of = is a pro-
�le of oneof theclusters.We permuteeachcolumnof =

uniformly andindependentlyat random,andfor theper-
muted = we computethe best( �

�

) andsecondbest( �

� )
similaritiesamongits rows. We repeatthis procedure?

times,andin eachcasetestif �

� is biggerthan �

��
�� or
smaller. If �

�

�

�

��
�� at least �

? times(where � is a
userde�ned valuebetween0 and1) we combine� and ;

without � , otherwisewe combineall threeclusters.Note
that if � and ; aresigni�cantly differentfrom � thenit is
unlikely thatany permutationwill yield an �

� thatis lower
than �

��
�� , andthusthe above testwill causeus to sep-
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���������	��

�����
�

���

����������
��

for all � �

�

// preprocessingstep
!#"

= orderedlinkedlist of genesbasedonsimilarity to �

$
"

�

�&% �rst �('

�

genesof
!#"

for )

�

�+*,��


'

����-.�

�('

���
�

// mainloop
$

�0/

��1.2

/.3

"�4	5��768�
$

"7���

���9�;:
$

Let <

�

2

)


���2

�

$
�

for all clusters� �

�

�&�

<

�

�

�

�

*>=&?7@

A BCA D,E B�F

"HG

*>=&?7@

A BCA

remove all clustersin
$

from
!�"

insert< into
!#"

$
"

�

�
%

�rst �I'

�

clusterof
!#"

���9�

%
<

generate
!�J

from all theclustersin
�

and�nd
$

J

�

return
�

//
�

is a singletonwhich is therootof thetree
�

Figure1: Constructingk-treesfrom expressiondata

arate � and ; from � . If � and ; are identical to � , then
all permutationswill yield an �

� that is equalto �

��
�� ,
causingus to merge all threeclusters.As for the values
of � , if we set � to be closeto 1 then unless � is very
differentfrom � and ; we will combineall threeclusters.
Thus,thecloser� is to 1, themorelikely ouralgorithmis
to combineall threeclusters.

For �

�


 we repeatthe above test for each �$� 	


+K7K7K � . Thatis, we �rst testif we shouldseparatethe�rst
two clustersfrom thethird cluster, asdescribedabove. If
the answeris yes,we combinethe �rst two clustersand
move to the next iteration. If the answeris no we apply
thesameprocedure,to testweatherweshouldseparatethe
�rst threeclustersfrom the fourth andso on. The com-
plexity of thesestepsis ?

�

�

for each� � (sincewe needto
computethe pairwisesimilarities in eachpermutations),
and at most ?

� 
 for the entire iteration. For a �x ed ? ,
and �ML8L � this permutationtestdoesnot increasethe
asymptoticcomplexity of our algorithm. Note that if we
combine�NL � clusters,thenumberof main loop itera-
tion increases.However, sincein this caseeachtheitera-
tion takes ���	�

�

� � thetotal runningtimeremains���	� 

� .

3 Optimal leaf ordering

In this sectionwe discusshow we preserve the pairwise
similarity propertyof thebinary treeclusteringin our � -
ary treealgorithm. This is doneby performingoptimal
leaf orderingon the resultingtree. After formally de�n-
ing the optimal leaf orderingproblem,we presentan al-
gorithmthatoptimallyorderstheleavesof abinarytreein

���	��

� . We discussa few improvementsto this algorithm
which further reducesits runningtime. Next, we extend
this algorithm and show how it can be appliedto order

� -ary trees.

3.1 Problemstatement

First,we formalizetheoptimalleaforderingproblem,us-
ing the following notations. For a tree O with � leaves,
denoteby P

�

&7Q7Q7Q�&HP

�

the leavesof O andby R

�

Q7Q7QSR

�����

the � 0 2 internalnodesof O . A linear ordering con-
sistent with O is de�ned to be an orderingof the leaves
of O generatedby �ipping internal nodesin O (that is,
changingtheorderbetweenthetwo subtreesrootedat R

� ,
for any R

�

�TO ). SeeFigure3 for an exampleof node
�ipping.

34 51 21 2 3 4 5

Figure3: When�ipping thetwo subtreesrootedat theredcir-
cled nodewe obtaindifferentorderingswhile maintainingthe
sametreestructure.Sincethereare




'

�

internalnodesthere
are U7V.W#X possibleorderingsof thetreeleaves.

Sincethereare�>0 2 internalnodes,thereare � ����� pos-
sible linear orderingsof the leavesof a binary tree. Our
goal is to �nd an orderingof the tree leaves that maxi-
mizesthesumof thesimilaritiesof adjacentleavesin the
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ordering.This couldbestatedmathematicallyin the fol-
lowing way. Denoteby

�

thespaceof the � ����� possible
orderingsof thetreeleaves.For � �

�

we de�ne ��� � O �

to be:

�

�

� O ��	

�����

�

� �

�

� � P

���

&HP

��� �
	

�

where � ��� &�
 � is thesimilarity betweentwo leavesof the
tree.Thus,ourgoalis to �nd anordering� thatmaximize

��� � O � . For suchan ordering � , we say that � � O �J	

��� � O � .

3.2 An ��������� algorithm for binary tr ees

Assumethata hierarchicalclusteringin form of a tree O

hasbeen�x ed.Thebasicideais to createa table @ with
thefollowing meaning.For any nodeR of O , andany two
genes% and ( thatareat leavesin thesubtreede�ned by R

(denotedO � R � ), de�ne @ � R:&/%'&)(�� to bethecostof thebest
linear orderof the leavesin O � R � that begins with % and
endswith ( . @ � R:&/%'&)(�� isde�nedonly if nodeR is theleast
commonancestorof leaves % and ( ; otherwiseno such
orderingis possible.If R is a leaf, then @ � R:&SR:&SR �K	�� .
Otherwise,@ � R:&/%'&)(�� canbecomputedasfollows,where


 is theleft child and 
 is theright child of R (seeFigure
4 (a)):

@ � R:&/%'&)(���	���� �

!

?#"
$ %
&('

)

?#"*$ +,&

@ ��
K&/%'&.- �

	

� �/-�&

�

�

	

@ �




&

�

&)(��

(2)
Let 0 �	� � be the time neededto computeall de�ned en-
tries in table ��@ � R:&/%'&)(�� � for a tree with � leaves. We
analyzethe time to computeEquation2 asfollows: As-
sumethatthereare ? leavesin O ��
 � and= leavesin O �




� ,
?

	

=�	 � . We must�rst computerecursively all values
in the tablefor O ��
 � and O �




� ; this takes 0 �

?

�

	

0 � = �

time.
To computethe maximum,we computea temporary

table 1325476 ��%'&

�

� for all % � O ��
 � and �

� O �




� with the
formula

1325476 ��%'&

�

� 	8��� �

9
�;:=< >@?

@ ��
K&/%'&.- �

	

� �/-�&

�

�BA (3)

this takes ���

?

�

= � time sincethereare ?

= entries,andwe
need ���

?

� time to computethemaximum. Thenwe can
compute@ � R:&/%'&)(�� as

@ � R:&/%'&)(���	C��� �

D
�;:=< EF?

1325476 ��%'&

�

�

	

@ �




&

�

&)(���K (4)

This takes ���

?

=

�

� time,sincethereare ?

= entries,andwe
need��� = � time to computethemaximum.

Thusthetotalrunningtimeobeystherecursion0 �	� ��	

0 �

?

�

	

0 � = �

	

���

?

�

= �

	

���

?

=

�

� which canbe shown
easily(by induction)to be ���	�



� , since ?




	

=



	

?

�

=

	

?

=

�HG

�

?

	

= � 
�	 ��
 .

Therequiredmemoryis ���	�

�

� , sincewe only needto
store @ � R:&/%'&)(�� onceperpair of leaves % and ( .

For abalancedbinarytreewith � leavesweneedI �	��

�

timeto computeEquation2; hencethealgorithmhasrun-
ning time J �	��
�� .

We canfurther improve the runningtime of the algo-
rithm in practiceby usingthefollowing techniques:

Early termination of the search. We canimprove the
computationtime for Equation3 (and similarly Equa-
tion 4) by pruning the searchfor maximum whenever
no further improvement is possible. To this end, set

�#KML�N �

�

� 	O��� �

9
�;:=< >@?

� �/-�&

�

� . Sort the leavesof O ��
 �

by decreasingvalueof @ ��
K&/%'&.- � , andcomputethemax-
imumfor Equation3 processingleavesin thisorder. Note
thatif we �nd a leaf - for which @ ��
K&/%'&.- �

	

�FKML�N��

�

� is
biggerthanthemaximumthatwe have foundsofar, then
wecanterminatethecomputationof themaximum,since
all otherleavescannotincreaseit.

Top-level impr ovement. The second improvement
concernsthe computationof Equations3 and4 when R

is the root of the tree. Let 
 and 
 be the left andright
childrenof R . Unlike in theothercases,wedonotneedto
compute@ � R:&/%'&)(�� for all combinationsof %1� O ��
 � and

(.��O �




� . Rather, we just needto �nd themaximumof
all thesevalues@PKML�NK	���� �

��� �

@ � R:&/%'&)(�� .
De�ne QR� � � R:&/% � 	S��� �

9
�;:=< TB?

@ � R:&/%'&.- � . From
Equation2 we have

@UKML�N

	 ��� �

���;:=< >@?)� � �;:=< EF?

��� �

9
�;:=< >@?)�

D
�;:=< EF?

@ ��
K&/%'&.- �

	

� �/-�&

�

�

	

@ �




&

�

&)(��

	 ��� �

9
�;:=< >@?)�

D
�;:=< EF?

QR� � ��
K&.- �

	

� �/-�&

�

�

	

QR� ���




&

�

�

Thereforewe can�rst precomputevaluesQR� � ��
K&.- � for
all -��>O ��
 � and QR� ���




&

�

� for all �

�>O �




� in ���	�

�

�

time, andthen�nd @PKML�N in ���	�

�

� time. This is in con-
trastto the ���	��

� time neededfor this computationnor-
mally.

While the above two improvementsdo not improve
the theoreticalrunningtime (andin fact, the �rst onein-
creasesit becauseof thesortingstep),wefoundin experi-
mentsthaton real-lifedatathisvariantof thealgorithmis
onaverage50–90%faster.

3.3 Ordering
G

-ary tr ees

For a � -ary tree, denoteby R

�

K7K7KSR

�

the � subtreesof
R . Assume %�� R

�

and ( � R

�

, then any orderingof
R

�

K7K7KSR

���

� is apossibilityweshouldexamine.Foraspec-
i�ed orderingof thesubtreesof R , @ � R:&/%'&)(�� canbecom-
putedin the sameway we computed@ for binary trees
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Figure4: (a) A binary treerootedat
6

. (b) Computing �

��� �

)

�

�

�

for the subtreesorder
�������

� . For eachpossibleorderingof
�������

� we cancomputethisquantityby addinginternalnodesandusingthebinarytreealgorithm.

by inserting� 0 � internalnodesthatagreewith thisorder
(see�gure 4 (b)).

Thus, we �rst compute @ � R

�

�
�

&.-�&

�

� for all - and �

leavesof R

�

and R

� . Next wecompute@ � R

�

�
�

�




&�� &�� � and
so on until we compute @ � R:&/%'&)(�� for this order. This
resultsin theoptimalorderingof theleaveswhenthesub-
treesorderis R

�

K7K7KSR

�

. Sincethereare � � possibleorder-
ing of thesubtrees,goingoverall � � orderingsof thesub-
treesin themannerdescribedabovegivesriseto a simple
algorithmfor �nding theoptimal leaf orderingof a � -ary
tree.Denoteby =

�

K7K7K =

�

thenumberof leavesin R

�

K7K7K�R

�

respectfully. Denoteby J thesetof � � possibleorderings
of 2 K7K7K � . Therunningtime of this algorithmis ��� � � � 

�

ascanbe seenusinginductionfrom the following recur-
sion:

0 �	� ��	 �

�

0 � =

�

�

	

�

�

���

�����

�

� �

�

	


�

�

�

�,�

�

=

�

< �,?

�

�

=

�

< � �

�

?

	

�

�

�

�,�

�

=

�

< �,?

� =

�

�

< � �

�

?
� �

G

� ���

�

=




�

	

�

�

���

� �)�

�

=

�

�




0D�

�

=




�

�

	 � � � =

�

	

=

�

	

K7K7K =

�

�




	 � � �




Wherethe inequalityusesthe inductionhypothesis.As
for spacecomplexity, for two leaves, %K� R

�

and ( ��R

�

we needto store @ � R:&/%'&)(�� . In addition,it might be that
for two otherleaves � � R

� and �

� R

�����

% and ( aretwo
boundaryleaves in the internalorderingof the subtrees
of R , andthusweneedto storethedistancebetweenthem
for thiscaseaswell. Thetotalnumberof subdistanceswe
needto storefor eachpair is at most � 0 � , sincethere
are only �.0 � subtreesbetweenthe two leftmost and
rightmostnodes,andthusby deletingall subpathswhich
we do not use we only need ��� ���

�

� memory for this
algorithm.

Though ��� � � ��

� is a feasiblerunning time for small
� s,we canimproveuponthis algorithmusingthefollow-
ing observation. If we partitionthesubtreesof R into two
groups, R

� and R
� � , thenwe can compute @ � R � for this

partition(i.e. whenthesubtreesof R � areon theright side
andthesubtreesof R � � on the left) by �rst computingthe
optimalorderingon R � and R � � separately, andthencom-
biningtheresultin thesamewaydiscussedin Section3.2.
This givesrise to the following divide andconqueralgo-
rithm. Assume� 	 �

,

, recursively computetheoptimal
orderingfor all the �

�

���

��� possiblepartitionsof the sub-
treesof R to two groupsof equalsize, andmerge them
to �nd the optimal orderingof R . In the Appendix,we
formally prove that the runningtime of this algorithmis

���	���
��
�� . Thus,we canoptimally order the leavesof a
k-ary treein ���	�

�
�



� time and ��� ���

�

� space,which are
bothfeasiblefor small � s.

4 Experimental results

First, we looked at how our heuristic k-ary clustering
algorithm (describedin Section2.2) compareswith the
naivek-ary clusteringwhich �nds andmergesthe � most
similar clustersin eachiteration. As discussedin Sec-
tion 2.1,thenaivealgorithmworksin time ���	� �

�

� � , and
thuseven for ��	 
 it is moretime consumingthanour
heuristicapproach.We have comparedboth algorithms
on a 1.4 GHz Pentiummachineusingan input datasetof
1000genesandsetting �J	 
 . While theour k-ary clus-
teringalgorithmgeneratedthe3-arytreein in 35seconds,
thenaive algorithmrequiredalmostanhour(57 minutes)
for this task.Sincea datasetwith 1000genesis relatively
small, it is clear that the naive algorithmdoesnot scale
well, andcannotbe of practicaluse,especiallyfor val-
uesof � that aregreaterthan3. In addition, the results
of thenaivealgorithmwherenotsigni�cantly betterwhen
comparedwith theresultsgeneratedby ourheuristicalgo-

7



rithm. Theaveragenodesimilarity in thenaivealgorithm
treewasonly 0.8

�

higherthanthe averagesimilarity in
thetreegeneratedby ouralgorithm(0.6371vs. 0.6366).

Next we comparedthebinaryandk-ary clusteringus-
ing syntheticandrealdatasets,andshow that in all cases
welookedatweonly gainfrom usingthek-aryclustering
algorithm.

Choosingtheright valuefor � is anontrivial task.The
majorpurposeof thek-ary algorithmis to reducethe in-
�uence of noiseandmissingvaluesby relying on more
than that most similar cluster. Thus, the valueof � de-
pendson the amountof noiseandmissingvaluesin the
input dataset.For thedatasetswe have experiencedwith,
we have foundthat theresultsdo not changemuchwhen
usingvaluesof � thatarehigherthan4 (toughthereis a
differencebetween2 and4 aswe discussbelow). Dueto
thefactthattherunningtime increasesasa functionof � ,
we concentrateon � 	 � .

For computingthe hierarchicalclusteringresultswe
usedthe correlationcoef�cients as the similarity matrix
( � ). The clusteringwas performedusing the average
linkagemethod[7].

Generateddata: To testtheeffectof � -aryclusteringand
orderingon the presentationof the data,we generateda
structuredinput dataset. This set represents30 tempo-
rally relatedgenes,eachonewith 30timepoints.In order
to reducetheeffect of pairwiserelationships,we chose6
of thesegenes,andmanuallyremoved for eachof them
6 time points,making thesetime pointsmissingvalues.
Next we permutedthe genes,andclusteredthe resulting
datasetwith the threemethodsdiscussedabove. The re-
sultsarepresentedin Figure5. As canbeseen,usingop-
timal leaf ordering(o.l.o.) with binaryhierarchicalclus-
tering improvedthe presentationof the dataset,however
o.l.o. wasunableto overcomemissingvalues,andcom-
binedpairsof geneswhich weresimilar dueto themiss-
ing values,but werenot otherwisesimilar to a largerset
of genes.Usingthemorerobust � -ary treealgorithm,we
whereableto overcomethemissingvaluesproblem.This
resultedin thecorrectstructureascanbeseenin Figure5.
Visualizing Biological datasets: For the biological re-
sults we used two datasets. The �rst was a dataset
from [10] which looked at the chicken immunesystem
during normalembryonicB-cell developmentandin re-
sponseto the overexpressionof the ��� � gene. This
datasetconsistsof 13 samplesof transformedbursalfol-
licle (TF) and metastatictumors (MT). Thesesamples
whereorganizedin decreasingorder basedon the ��� �

overexpressionin eachof them. In that paperthe au-
thorsfocusedonapproximately800genesshowing 3 fold
changein 6 of 13 samples.Thesegeneswhereclustered
using Eisen's Cluster[7], and basedon manualinspec-
tion, 5 differentclusterswhereidenti�ed. In Figure6 we

presentthe resultsof the threeclusteringalgorithmson
this dataset.The left hand�gure is taken from [10], and
containsthe labelsfor the 5 clustersidenti�ed. In [10]
theauthorsdiscussthe� ve differentclasses,andseparate
theminto two groups. The �rst is the groupof genesin
clustersA,B,E andD which (in this order)containgenes
that are decreasinglysensitive to ��� � overexpression.
Thesecondis theclusterC which containsgenesthatare
not correlatedwith ��� � overexpression.As canbeseen,
whenusingthe � -aryclusteringalgorithm(right handside
of Figure6) theseclustersaredisplayedin theircorrector-
der. Furthermore,eachclusteris organized(from bottom
to top) basedon the requiredlevel of ��� � overexpres-
sion. This allows for aneasierinspectionandanalysisof
thedata.As canbeseen,usingbinarytreeclusteringwith
o.l.o. doesnot yield the sameresult sincethe A andE
clustersarebrokeninto two parts.

The resulting 4-ary tree for the ��� � datasetis pre-
sentedin the left handside of Figure 6. Eachnode is
representedby a vertical line. We highlighted(in red)
someof thenodesthatcontainlessthan4 children.Note
that some of these nodes correspondto clusters that
whereidenti�ed in the original paper(for example, the
top red nodecorrespondsto clusterC). Had we useda
�x ed � 	 � , theseclustersmight not have hada single
nodeassociatedwith them.

Clustering Biological datasets: The secondbiological
datasetwelookedatis acollectionof 79expressionexper-
imentsthat whereperformedunderdifferentconditions,
from [7]. In order to compareour k-ary clusteringto
the binary clusteringwe usedthe MIPS complexescat-
egories[1]. We focusedon the 979 genesthat appeared
in both the datasetand the MIPS database.In order to
comparethebinaryand4-ary results,we have selecteda
similarity threshold(0.3, thoughsimilar resultswereob-
tainedfor otherthresholds),andusedthis thresholdto de-
terminetheclustersindicatedby eachof thetrees.Start-
ing at theroot,wewentdown thetreeandin eachinternal
nodelookedat theaveragesimilarity of theleaves(genes)
thatbelongto thesubtreerootedat thatnode.If theaver-
agesimilarity wasabovetheselectedthresholdthesubtree
rootedat that nodewasdeterminedto be a cluster. Oth-
erwise,we continuedthesameprocessusingthesonsof
this internalnode.

This processresultedin 36 distinct clustersfor thebi-
nary tree and 35 for the 4-ary tree. Next, we usedthe
MIPS complexesto computea p-value(usingthe hyper
geometrictest) for eachof the clusterswith eachof the
differentcomplexes,andto chosethecomplex for which
theclusterobtainedthelowestp-value.Finally, welooked
at all theclusters(in both trees)thathadbothmorethan
5 genesfrom their selectedcomplex anda p-valuebelow

2F� � 
 .
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Hierarchicalclustering Binaryclusteringwith o.l.o. 4-treeclusteringwith o.l.o.

Figure5: Color comparisonbetweenthe threedifferentclusteringmethodson a manuallygenerateddataset.Greencorresponds
to decreasein value(-1) andredto increase(1). Grayrepresentsmissingvalues.

Theresultsseemto supportour assumptionthat the4-
ary treecangeneratemoremeaningfulbiologicalresults.
Theaboveprocessresultedin 10signi�cant clustersin the
binary tree,while the 4-ary treecontained11 signi�cant
clusters.Further, asshown in Table4, theclustersgener-
atedby the4-aryalgorithmwhere,on average,morespe-
ci�c thanthebinaryclusters.Out of the7 complexesthat
whererepresentedin bothtrees,the4-arytreecontained4
clustersfor whichmorethan50

�

of theirgenesbelonged
to acertaincomplex, while thebinarytreecontainedonly
two suchclusters.In particular, for theProteasomecom-
plex, the 4-ary tree containeda clusterin which almost
all of its genes(28 out of 29) belongedto this complex,
while for thecorrespondingclusterin thebinarytreewas
muchlessspeci�c (28 out of 39 genes).Theseresultsin-
dicatethatour � -ary clusteringalgorithmis helpful when
comparedto thebinaryhierarchicalclusteringalgorithm.
Note that many of the clustersin both the binary and4-
aryalgorithmsdonotoverlapsigni�cantly with any of the
complexes.This is notsurprisingsincewehaveonly used
thetop level categorizationof MIPS,andthussomeof the
complexesshouldnot cluster together. However, those
thatdoclusterbetterwhenusingthe4-aryalgorithm.

5 Summary and futur ework

Wehavepresentedanalgorithmfor generating� -aryclus-
ters,andorderingthe leavesof theseclustersso that the
pairwiserelationshipsarepreserved despitethe increase
in thenumberof children.Our � -aryclusteringalgorithm
runs in ���	��

� . As for ordering,we presentedan algo-
rithm whichoptimallyorderstheleavesof abinarytreein

���	��

� improving uponpreviouspublishedalgorithmfor
this task.We extendedthis algorithmto order � -ary trees
in ��� ���
��
�� , which is ontheorderof ���	� 

� for aconstant

� .
We presentedseveralexamplesin which the resultsof

ouralgorithmaresuperiorto theresultsobtainedusingbi-

nary treeclustering,bothwith andwithout ordering.For
syntheticdataour algorithmwasableto overcomemiss-
ingvaluesandcorrectlyretrieveageneratedstructure.For
biologicaldataour algorithmis betterin both identifying
thedifferentclustersandorderingthedataset.

Thereareseveralwaysin whichonecanextendthere-
sultspresentedin this paper. Oneinterestingopenprob-
lem is if we canfurther improve the asymptoticrunning
time of the optimal leaf ordering algorithm. A trivial
lower boundfor this problemis �

�

which leavesa gapof
order � betweenthe lower boundandthe algorithmpre-
sentedin this paper. Notethathierarchicalclusteringcan
be performedin ���	�

�

� , thus reducingthe running time
of theo.l.o. solutionwould beusefulin practiceaswell.
Anotherinteresting(thoughmoretheoretical)problemis
theextensionof theo.l.o. algorithmfor atwo dimensional
quadtree,wherethegoalis to orderboththerowsandthe
columnsof theresultingoutcomesimultaneously.
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6 Appendix

In this appendixwe prove that the running time of the
divide and conqueralgorithm for ordering k-ary trees
(whichis presentedin Section3.3)is ���	�

�
�



� . In orderto

computetherunningtime of this algorithmwe introduce
thefollowing notations:We denoteby � � R � thesetof all
thepossiblepartitionsof thesubtreesof R to two subsets
of equalsize.For � ��� � R � let R��

<

�

? and R��

<
�

? bethetwo
subsetsandlet =��

<

�

? and=��

<
�

? bethenumberof leavesin
eachof thesesubsets.Therunningtime of this algorithm
canbecomputedby solvingthefollowing recursion:
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�

	

=

�

K7K7K

	

=

�

��	

�

�

� �

�

0 � =

�

�

	

� � R �

Where

� � R � 	 �

�

��� < TB?

=

�

�

<

�

?

=��

<
�

?

	

=��

<

�

?

=

�

�

<
�

?

	

	

� � R��

<

�

?

�

	

� � R��

<
�

?

�

and � ��% �I	 � if % is a singletoncontainingonly onesub-
tree.Thefollowing lemmadiscussesthemaximalrunning
timeof thedivideandconquerapproach.
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Lemma 6.1 Assume� 	 �
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Proof: By inductionon � .
For � 	 2 we have � 	 � andwe have alreadyshown
in Section3.2how to constructanalgorithmthatachieves
this running time for binary trees. So � � R � 	+=
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� �

,

���
� �

�

,

�

�

� ���

� �

�

� �

�
�

� �

�

<

�

?

=

�

�




0E�

� �

�

<

�

?

=




�

	 	

� �

,

��� � �

�

,

�

�

� ���

� �

�

� �

�
�

� �

�

<
�

?

=

�

�




0 �

� �

�

<
�

?

=




�

G

� �

,

��� � �

�

,

�

�

� ���

� �

�

� �

�

�

�

�,�

�

=

�

�




0

�

�

�,�

�

=




�

The �rst inequality comesfrom the induction hypothe-
sis, and the secondinequality arisesfrom the fact that

� �"2
� doesnot intersect� � ��� and � �"2
�
%

� � ����	

�

2 K7K7K �:� .
Since � � � R ����	 �

�

���

�
�

	

<
�

=

?��

<
�

=��

	

?�� <
�

=��

	

?�� , summingup on
all �J� � provesthelemma.

It is now easyto see(by usinga simpleinductionproof,
aswe did for thebinarycase)that the total runningtime
of thisalgorithmis: ���

�

�

�

=��

	

� �	�

<
�

�

?��

��
�� whichis fasterthan

thedirectextensiondiscussedabove. If �

,

L � L �

,

�

�

thenthesamealgorithmcanbeusedby dividing thesub-
treesof R to two groupsof size �

,

and � 0 �

,

. A sim-
ilar analysisshows that in this casethe running time is

���

�

�

��
 � 
������

�

	

� �	�

<
�

�

?��

��
�� , which (usingtheSterlingapproxi-

mation)is ���	���

���B<

�

?

��
�� .
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