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Abstract

Motivation: A major challengein gene expression
analysisis effective dataorganizationand visualization.
Oneof themostpopulartoolsfor this taskis hierarchical
clustering. Hierarchicalclusteringallows a userto view

relationshipsin scalesranging from single genesto

large setsof genes,while at the sametime providing a

globalview of theexpressiordata.However, hierarchical
clustering is very sensitve to noise, it usually lacks
of a methodto actually identify distinct clusters, and
producesa large numberof possibleleaf orderingsof

the hierarchicalclusteringtree. In this paperwe propose
a new hierarchicalclustering algorithm which reduces
susceptibilityto noise, permitsup to  siblings to be

directly related,and provides a single optimal order for

theresultingtree.

Results: We presentan algorithm that ef ciently con-
structsa -arytree whereeachnodecanhaveupto chil-
dren,andthenoptimally ordersthe leavesof thattree.By
combining clustersat eachstepour algorithmbecomes
more robust againstnoiseand missingvalues. By opti-
mally orderingthe leaves of the resultingtree we main-
tain the pairwiserelationshipghat appeaiin the original
method without sacri cing therobustness.

Our -ary constructionalgorithm runs in
gardles®f andourorderingalgorithmrunsin
We presentseveral examplesthat shov that our —ary
clusteringalgorithm achievesresultsthat are superiorto
the binary tree resultsin both global presentatiorand
clusteridenti cation.

re-

To whomcorrespondencghouldbe addressed

Availability: We have implementedheabove algorithms
in C++ on the Linux operatingsystem. Sourcecodeis
availableuponrequestfrom zivbj@mit.edu.

1 Intr oduction

Hierarchicaklusterings oneof themostpopulamethods
for clusteringgeneexpressiordata. Hierarchicalcluster
ing assembleput elementdnto a singletree,andsub-
treesrepresentifferentclusters. Thus, using hierarchi-
cal clusteringonecananalyzeandvisualizerelationships
in scaleghatrangefrom large groups(clusters)to single
genes.However, hierarchicalclusteringis very sensitve
to noise,sincein atypicalimplementationf two clusters
(or genesyrecombinedthey cannotbe separatedvenif
fartherevidencesuggest®therwise[12]. In addition, hi-
erarchicatlusteringdoesnot specifythe clustersmaking
it hardto distinguishbetweerinternalnodeghatareroots
of aclusterandnodeswhichonly hold subset®f acluster
Finally, the orderingof theleaves,which playsanimpor-
tantrole in analyzingandvisualizinghierarchicakluster
ing results,is not de ned by the algorithm. Thus, for a
binary tree, ary one of the orderingsis a possible
outcome.

In this paperwe proposea new hierarchicalclustering
algorithmwhich reducessusceptibilityto noise, permits
upto siblingsto bedirectly related,andprovidesasin-
gleoptimalorderfor theresultingtree,withoutsacri cing
the tree structure,or the pairwiserelationshipsbetween
neighboringgenesandclustersin theresult. Our solution
replaceghe binary tree of the hierarchicalclusteringal-
gorithmwith a -arytree.A -arytreeis atreein which



eachinternalnodehasatmost children.Whengrouping

clusters(or genes}ogetheywe requirethatall the clus-
tersthat are groupedtogetherwill be similar to onean-
other It hasbeenshawn (e.g.in CLICK [12]) thatrelying
on similaritiesamonglarge groupsof geneshelpsreduce
the noiseeffectsthatareinherentin expressiordata. Our
algorithmutilizesthisideafor thehierarchicatase.n our
casewe areinterestedn groupsof geneghataresimilar,
wherethenotionof similarity depend®nthescalewe are
looking at.

The numberof children of eachinternal nodeis not
x edto . Rather is anupperboundon this number
andif the datasuggest®therwisethis numbercanbere-
duced.An advantageof sucha methodis thatit allows us
to highlight someof the actualclusterssincenodeswith
lessthan childrenrepresent setof geneghataresim-
ilar, yet signi cantly differentfrom the restof the genes.
Sucha distinction is not available when using a binary
tree.

Finally, our algorithm re-ordersthe resulting tree so
thatanoptimally orderedtreeis presentedThis ordering
maximizesthe sumof the similarity of adjacenteavesin
the tree,allowing usto obtainthe bestpairwiserelation-
shipsbetweergenesandclusters gvenwhen

Therunningtime of our algorithm(for smallvaluesof

) is , which is similar to the runningtime of cur-
rently usedhierarchicaklusteringalgorithms.Our order
ing algorithmrunsin for binary trees,while for

our algorithmrunsin time and
spacewhich is feasibleeven for a large  (when
small).

The restof the paperis organizedasfollows. In Sec-
tion 2 we presentinalgorithmfor constructing -arytrees
from geneexpressiondata. In Section3 we presenthe
new optimal leaf ordering algorithm for binary
trees,and its extensionto ordering -ary trees. In Sec-
tion 4 we presenbur experimentalresults,and Section5
summarizeghe paperand suggestsirectionsfor future
work.

is

1.1 Relatedwork

The applicationof hierarchicalklusteringto geneexpres-
sion datawas rst discussedy Eisen[7]. Hierarchical
clusteringhasbecomethe tool of choicefor mary biol-

ogists,andit hasbeenusedto both analyzeand present
geneexpressiondata[7, 14, 10]. A numberof different
clusteringalgorithms,which are more global in nature,
wheresuggestedndappliedto geneexpressiordata. Ex-

amplesof suchalgorithmsare K-means,Self organizing
maps[15] andthe graphbasedalgorithmsClick [13] and
CAST [3]. Thesealgorithmsgenerateclusterswhich are
all assumedo beonthesamdevel, thusthey lacktheabil-

ity to representhe relationshipshetweengenesand sub

clustersondifferentscalesashierarchicaktlusteringdoes.
In addition, they are usuallylesssuitablefor large scale
visualizationtasks sincethey donotgenerata globalor-

deringof theinput data. In this work we try to combine
therobustnes®f theseclusteringalgorithmswith thepre-
sentatiorand e xible groupingscapabilitiesof hierarchi-
cal clustering.

Recently Segal and Koller [11] suggesteda proba-
bilistic hierarchicalclusteringalgorithm, to addresshe
robustnesgproblem. Their algorithmassumes speci ¢
modelfor geneexpressiordata.ln contrastouralgorithm
doesnot assumeary modelfor its input data,andworks
with arny similarity/distancemeasure. In addition, in
this paperwe presenta methodthat allows not only to
generatethe clustersbut also to view the relationships
betweendifferent clusters, by optimally ordering the
resultingtree.

The problem of ordering the leaves of a binary hi-
erarchicalclusteringtree datesback to 1972 [9]. Due
to the large numberof applicationsthat constructtrees
for analyzing datasets,over the years, mary different
heuristicshave beensuggestedor solving this problem
(cf. [9, 5, 8, 7]). Theseheuristicseither use a 'local'
method,wheredecisionsaremadebasedon local obser
vations,or a'global' method whereanexternalcriteriais
usedto orderthe leaves. For thelocal methodsdecisions
madein anearlystageof theorderingareirreversible,and
thuscanleadto lessthanoptimal orderin the following
steps.For theglobalmethods,tting anexternalcriterion
thatwasgeneratedn a differentway is infeasiblein most
casessincethereare possibleglobal orderingswhile
only of themareconsistentvith thetree.

In orderto overcomethesedrawbacks,BarJoseph

[2] presentedan algorithmthat maximizesthe
sumof the similaritiesof adjacentlementsn the order
ingsfor binarytrees. This algorithmmaximizesa global
functionwith respecto the tree ordering,thusachieving
bothgoodlocal orderingandglobal ordering. In this pa-
per we presentan improved algorithmfor this task, that
hasa runningtime of . Suchan improvementre-
ducesthe runningtime from hoursto just a few minutes
on large datasetsmaking the algorithm much more at-
tractive sincemostsoftwarepackagegincluding Cluster)
performhierarchicaktlusteringn . A secondexten-
sionis performedin orderto usethe algorithmfor -ary
treesinsteadof binarytrees.

The problem of ordering the leaves of a binary hi-
erarchicalclusteringtree datesback to 1972 [9]. Due
to the large numberof applicationsthat constructtrees
for analyzing datasets,over the years, mary different
heuristicshave beensuggestedor solving this problem
(c.f.[9, 8, 7]). Theseheuristiceitherusea'local' method,
wheredecisionsaaremadebasedn local obsenations,or



a'global' method whereanexternalcriteriais usedto or-
dertheleaves.In [2] Bar-Joseph presente@n
algorithm that maximizesthe sum of the similarities of
adjacentelementsn the orderingsfor binary trees. This
algorithmmaximizesa globalfunctionwith respecto the
treeordering thusachieving bothgoodlocal orderingand
globalordering.In this paperwe extendandimprove this
algorithmby constructingatime andspaceef cient algo-
rithm for ordering -arytrees.

Recentlyit hascometo our attentionthat the optimal
leaf orderingproblemwas also addressedby Burkard

[4]. In thatpapertheauthorspresentin time,

spacealgorithmfor optimalleaforderingof PQ-

trees.For binarytrees their algorithmis essentiallyiden-
tical to the basicalgorithmwe preseniin section3.2, ex-

ceptthatwe proposea numberof heuristicimprovements.

Althoughthesedo notaffecttheasymptotiaunningtime,

we experimentallyobsenedthatthey reducethe running
time by 50-90%.For -treesthealgorithmsdiffer in their
searchstratgiesover the childrenof a node. Burkardet
al. suggesta dynamicprogrammingapproachwhich is

more computationallyef cient ( VS, ),

while we proposea divide and conquerapproachwhich

is morespace-etient ( VS. ). Thenum-
berof geneq ) in anexpressiordatasetis typically very
large, makingthe memoryrequirementsery important.
In our experience the lower spacerequirementdespite
thepricein runningtime, enableaisinglarger s.

2 Constructing -ary Trees

In this sectionwe presentan algorithmfor constructing

-ary trees. We rst formalizethe -ary tree problem,
andshaow that nding anoptimal solutionis hard (under
standarccompleity assumptions)We present heuristic
algorithmfor constructing -ary treesfor a x ed , and
extendthis algorithmto allow for nodeswith at most
children.

2.1 Problem statement

As is the casein hierarchicalclustering,we assumehat
we aregivenagenesimilarity matrix , whichis initially
of dimensions by . Unlike binarytreeclustering,we
areinterestedn joining togethergroupsof size , where
. In this paperwe focus on the averagelinkage
method,for which the problemcanbe formalizedasfol-
lows. Given clustersdenoteby
of of size . Ourgoalisto nd a subset s.t.
where is de nedin the

following way:

(1)

That s, is the sum of the pairwise similaritiesin

. After nding , we memgeall the clustersin to one
cluster The revisedsimilarity matrix is computedn the
following way. Denoteby a clusterwhich is not a part
of , andlettheclusterformedby thememingtheclusters
of bedenotedby . Foracluster |, let denotethe
numberof genesn , then:

whichis similarto thewaythesimilarity matrixis updated
in thebinarycase.Thisprocesss repeated
timesuntil we arrive at a singleroot cluster andthetree
is obtained.
Finding in eachstepis the mostexpensve part of the
above problem,aswe shaw in the next lemma. In this
lemmawe usethe notion of hardness.Underrea-
sonableassumptionsa hardproblemis assumedo
be intractable,.e. the dependencen
cannotbe separatedrom thedependencen (see[6]
for moredetails).

Lemma 2.1 Denoteby
ingthe r st setforagiven . Then
for arbitrary , and hard in termsof .

the problemof nd-
isNP-had

Proof outline: We reduce MAX-CLIQUE
by constructinga similarity matrix

to

and setting iff thereis an edgebetween
and in Since MAX-CLIQUE is NP and
complete, is NP and hard.

2.2 A heuristic algorithm for constructing
-ary trees

As showvn in theprevioussection ary optimalsolutionfor
the -ary treeconstructionproblemmight be prohibitive
evenfor smallvaluesof , since is verylarge. In this
sectionwe present heuristicalgorithm,which hasarun-
ning time of forary , andreducego thestandard
averagelinkage clusteringalgorithmwhen . The
algorithmis presentedn Figure 1 andworksin the fol-
lowing way. Startingwith a setof clusters(initially
eachgeneis assignedo a differentcluster), we gener
ate  whichis alinkedlist of clustersfor eachcluster .
Theclusterson  areorderedby their similarity to in
descendingrder For eachcluster we compute

the setof all subsets Where consistsof andthe clustersthat appearin the

rst placeson ,and isthefunctiondescribedn
equationl. Next, we nd , the set
of clusterghathave thehighestsimilarity amongall the

setsthatareimplied by the list. We memeall the clus-
tersin to asingleclusterdenotedby , andrecompute
the similarity matrix . After nding andrecomputing



wegooverthe lists. For eachsuchlist , wedelete
all the clustersthatbelongto from | insert andre-
compute . In addition,we generat@anew list  for the
new cluster , andcompute

Note that using this algorithm, it could be that even
though and arethe mostsimilar clusters, and will
notendupin thesame group.If thereisacluster s.t.
includes but doesnotinclude , andif
it couldbethat and will not bem the same cluster
This allows us to usethis algorithmto overcomenoise
and missingvaluessince,even whenusingthis heuristic
westill needastrongevidencefrom otherclustersn order
to combinetwo clusterstogether

Therunningtime of this algorithmis
ing the slists canbedonein

for all genes canbedonein
processingteptakes

. Generat-
, and nding
time. Thusthe pre-

For eachiterationof the malnloop, it takes to nd
,and torecompute . It takes
to deleteall the membersof from all the s, insert
into all the s andrecompute . We needanother
timetogenerate andcompute . Thus,
the total runningtime of eachiterationis . Since

the mainloop is iterated time, the total
runningtime of themainloopis
whichis alsothe runningtime of the algorithm.
The running time of the above algorithm can be im-

provedto by usinga moresophisticatediata
structureinsteadof the linked list. For example,using
Heapsthepreprocessingtephasthe samecomplexity as
we currently have, and it canbe shown that the (amor
tized) cost of every stepin the main loop iteration be-
comes . However, sinceour orderingalgorithm
operatesn , thiswill notreducetheasymptotiaun-
ningtime of ouralgorithm,andsincetheanalysigs some-
whatmorecomplicatedn theHeapcaseweleft thedetails
out.

2.3 Reducingthe number of children

Usinga x ed canleadto clusterswhich do not have a
singlenodeassociateavith them. Considerfor example
adatasetn which we areleft with four internalnodesaf-
ter somemain loop iterations. Assume andthat
theinput datais composedf two real clusters, A andB
suchthatthreeof the subtreedelongto clusterA, while
the fourth subtreebelongsto clusterB (seeFigure2). If
was x ed, we would have groupedall the subtreedo-
getherwhichresultsin acluster(A) thatis notassociated
with ary internalnode. However, if we allow a smaller
numberof childrenthan we couldhave rst groupedhe
threesubtreef A andlatercombinethemwith B atthe
root. This canalsohighlightthefactthatA andB aretwo
different clusters,since nodeswith lessthan children

Figure2: Fixedvs. non x ed . In theleft handtree s
x ed at 4. This resultsin a cluster(A) which doesnot have
ary internalnodeassociatedvith it. Ontheright handside is
at most4. Thus,the threesubtreeghatform clusterA canbe

groupedtogetherandthencombinedwith clusterB at theroot.
Thisresultsin aninternalnodethatis associatedvith A.

represent setof genesthataresimilar, yet signi cantly
differentthantherestof thegenes.

We now presenta permutationbasedestfor deciding
how mary clustersto combinein eachiteration of the
main loop. Therearetwo possibleapproachesne can
take in orderto performthis task. The rst is to join as
mary clustersaspossible(upto ) unlesshedataclearly
suggestotherwise. The secondis the opposite,i.e. to
combineasfew clustersaspossibleunlesghedataclearly
suggestotherwise. Sincewe believe thatin mostcases
morethan2 genesareco-expressedin this paperwe use
the rst approachandcombineall clustersunlessthe
dataclearlysuggest®therwise.

Let and assume , Le.
where goesover all the clusterswe

have in this step. Let bethe rst clusteron andlet

be the secondcluster Since isthe rst on ,itis
the mostsimilarto . We now wish to decidewhether
to combinethe rst two clusters( and ) or combineall
threeclusters. Let , that
is is themaximalsimilarity between andoneof the
two clusterswe will combinein any case.In orderto test
the relationshipbetween and , we perform
the following test. In our case,eachcluster is associ-
atedwith a pro le (the averageexpressionvaluesof the
genesn ). Assumeour datasetontains experiments,
and let and bethe threeclusterspro les. Let

bethe3 by  matrix, whereevery row of is a pro-
le of oneof the clusters.We permuteeachcolumnof
uniformly andindependentiyat random,andfor the per
muted we computethe best( ) andsecondbest( )
similaritiesamongits rows. We repeatthis procedure
times,andin eachcasetestif  is biggerthan or
smaller If atleast times(where isa
userde ned valuebetweerD and1) we combine and
without , otherwisewe combineall threeclusters.Note
thatif and aresigni cantly differentfrom thenit is
unlikely thatany permutatiorwill yieldan thatis lower
than , andthusthe above testwill causeusto sep-



for all Il preprocessingtep

rst genef

for / mainloop

Let
for all clusters

remove all clustersn from
insert into
rst clusterof

generate fromall theclustersn  and nd

return //

= orderedinkedlist of genesasedn similarity to

is asingletonwhichis theroot of thetree

Figurel: Constructingk-treesfrom expressiordata

arate and from . If and areidenticalto , then
all permutationswill yield an  thatis equalto .
causingusto meme all threeclusters. As for the values
of ,if weset tobecloseto 1 thenunless is very
differentfrom and wewill combineall threeclusters.
Thus,thecloser isto 1, themorelikely ouralgorithmis
to combineall threeclusters.
For we repeatthe above test for each

. Thatis, we rst testif we shouldseparatehe rst
two clustersfrom thethird cluster asdescribedabove. If
the answeris yes,we combinethe rst two clustersand
move to the next iteration. If the answeris no we apply
thesameprocedureto testweathemwe shouldseparat¢he
rst threeclustersfrom the fourth andsoon. The com-
plexity of thesestepsis for each (sincewe needto
computethe pairwisesimilaritiesin eachpermutations),
and at most for the entire iteration. For a x ed ,
and this permutationtestdoesnot increasethe
asymptoticcompleity of our algorithm. Note thatif we
combine clustersthe numberof mainloop itera-
tion increasesHowever, sincein this caseeachtheitera-
tion takes thetotal runningtime remains

3 Optimal leaf ordering

In this sectionwe discusshow we presere the pairwise
similarity propertyof the binary treeclusteringin our -
ary tree algorithm. This is doneby performingoptimal
leaf orderingon the resultingtree. After formally de n-
ing the optimal leaf orderingproblem,we presentan al-
gorithmthatoptimally orderstheleavesof abinarytreein

. We discussa few improvementgo this algorithm
which further reducests runningtime. Next, we extend
this algorithm and showv how it canbe appliedto order

-arytrees.

3.1 Problem statement

First,we formalizethe optimalleaf orderingproblem,us-
ing the following notations. For atree  with  leaves,
denoteby theleavesof andby

the internalnodesof . A linear ordering con-
sistentwith  is de ned to be an orderingof the leaves
of generatedby ipping internalnodesin  (thatis,
changingthe orderbetweerthetwo subtreegsootedat
for ary ). SeeFigure 3 for an exampleof node

ipping.

piismanl

1

Figure3: When ipping thetwo subtreesootedat the red cir-
cled nodewe obtain different orderingswhile maintainingthe
sametreestructure.Sincethereare internalnodesthere
are possibleorderingsof thetreeleaves.

Sincethereare internalnodesthereare pos-
sible linear orderingsof the leavesof a binary tree. Our
goalis to nd an orderingof the tree leaves that maxi-
mizesthe sumof the similaritiesof adjacenteavesin the



ordering. This could be statedmathematicallyin the fol-
lowing way. Denoteby thespaceof the possible
orderingsof thetreeleaves. For we de ne

to be:

where is the similarity betweertwo leavesof the
tree.Thus,ourgoalisto nd anordering thatmaximize
. For suchan ordering , we saythat

3.2 An

Assumethat a hierarchicalclusteringin form of a tree
hasbeen x ed. Thebasicideais to createatable  with
thefollowing meaning.For ary node of ,andary two
genes and thatareatleavesin thesubtreede ned by

algorithm for binary trees

(denoted  ),de ne to bethecostof thebest
linear order of the leavesin that beginswith and
endswith . isde nedonlyif node istheleast

commonancestorof leaves and ; otherwiseno such
orderingis possible.If is aleaf, then .
Otherwise, canbecomputedasfollows, where

is theleft child and istheright child of (seeFigure

4 (a)):

)

Let be the time neededo computeall de ned en-
triesin table for atreewith leaves. We
analyzethe time to computeEquation2 asfollows: As-
sumethatthereare leavesin and leavesin ,
. We must rst computerecursvely all values

in the tablefor and ; this takes
time.

To computethe maximum, we computea temporary
table for all and with the
formula

3)
this takes time sincethereare  entries,andwe
need time to computethe maximum. Thenwe can
compute as

(4)
Thistakes time, sincethereare  entriesandwe
need time to computethe maximum.

Thusthetotalrunningtime obeystherecursion
which canbe shovn

easily(by induction)to be , since

Therequiredmemoryis , sincewe only needto
store onceperpairof leaves and .

Forabalancedinarytreewith leavesweneed
time to computeEquation2; hencethealgorithmhasrun-
ningtime

We canfurtherimprove the running time of the algo-
rithm in practiceby usingthefollowing techniques:

Early termination of the search. We canimprove the
computationtime for Equation3 (and similarly Equa-
tion 4) by pruning the searchfor maximum whenever
no further improvementis possible. To this end, set
. Sortthe leavesof
by decreasingalueof , andcomputethe max-
imum for Equation3 processindeavesin thisorder Note
thatif we nd aleaf for which is
biggerthanthe maximumthatwe have foundsofar, then
we canterminatethe computatiorof themaximum,since
all otherleavescannotincreaset.

Top-level improvement. The second improvement

concernghe computationof Equations3 and 4 when

is theroot of thetree. Let and betheleft andright

childrenof . Unlikein theothercaseswe donotneedto

compute for all combinationof and
. Ratherwe just needto nd the maximumof

all thesevalues

De ne From
Equation2 we have
Thereforewe can rst precomputevalues for

in
in time. Thisis in con-
time neededor this computatiomor-

all and for all
time, andthen nd
trastto the

mally.

While the above two improvementsdo not improve
thetheoreticalrunningtime (andin fact, the rst onein-
creased becausef thesortingstep),we foundin experi-
mentsthaton real-life datathis variantof the algorithmis

on averageb0-90%faster

3.3 Ordering -ary trees
For a -ary tree, denoteby the subtreesof
. Assume and , thenary ordering of

is apossibilitywe shouldexamine.For aspec-
i ed orderingof thesubtree®f , canbecom-
putedin the sameway we computed for binarytrees
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(a) Computing

Figure4: (a) A binarytreerootedat . (b) Computing

for abinarytree

\{2 \{23

v L,
(b)

for the subtreesorder

-arytree

. For eachpossibleorderingof

we cancomputethis quantityby addinginternalnodesandusingthebinarytreealgorithm.

by inserting
(seegure 4 (b)).

Thus, we rst compute and
leavesof and . Nextwecompute and
so on until we compute for this order This
resultsin theoptimal orderingof theleaveswhenthe sub-
treesorderis . Sincethereare possibleorder
ing of thesubtreesgoingoverall  orderingsof thesub-
treesin themannerdescribedabove givesriseto a simple
algorithmfor nding theoptimalleaf orderingof a -ary
tree.Denoteby thenumberof leavesin
respectfully Denoteby thesetof possibleorderings
of . Therunningtime of this algorithmis
ascanbe seenusinginductionfrom the following recur
sion:

internalnodeghatagreewith thisorder

for all

Wherethe inequality usesthe induction hypothesis. As

for spacecompleity, for two leaves, and
we needto store . In addition, it might be that
for two otherleaves and and aretwo

boundaryleavesin the internal orderingof the subtrees
of , andthuswe needto storethedistancebetweerthem
for this caseaswell. Thetotal numberof subdistancewe
needto storefor eachpair is at most , Sincethere
are only subtreesbetweenthe two leftmost and
rightmostnodes,andthusby deletingall subpathavhich
we do not usewe only need memory for this
algorithm.

Though is a feasiblerunning time for small
S, we canimprove uponthis algorithmusingthe follow-
ing obsenation. If we partitionthe subtree®f into two
groups, and , thenwe cancompute for this
partition(i.e. whenthesubtree®f areontheright side
andthe subtreef  ontheleft) by rst computingthe
optimalorderingon and separatelyandthencom-
biningtheresultin thesameway discussedh Section3.2.
This givesriseto the following divide and conqueralgo-
rithm. Assume , recursvely computethe optimal
orderingfor all the possiblepartitionsof the sub-
treesof to two groupsof equalsize, and memge them
to nd the optimal orderingof . In the Appendix, we
formally prove thatthe runningtime of this algorithmis
. Thus,we canoptimally orderthe leavesof a
k-ary treein time and spacewhich are
bothfeasiblefor small s.

4 Experimental results

First, we looked at how our heuristic k-ary clustering
algorithm (describedin Section2.2) compareswith the
naive k-ary clusteringwhich nds andmergesthe most
similar clustersin eachiteration. As discussedn Sec-
tion 2.1, the naive algorithmworksin time , and
thusevenfor it is moretime consumingthanour
heuristicapproach. We have comparedboth algorithms
on a 1.4 GHz Pentiummachineusingan input datasebf
1000genesandsetting . While the our k-ary clus-
teringalgorithmgeneratedhe 3-arytreein in 35seconds,
thenaive algorithmrequiredalmostanhour (57 minutes)
for this task. Sincea datasetvith 1000geness relatively
small, it is clearthat the naive algorithm doesnot scale
well, and cannotbe of practicaluse, especiallyfor val-
uesof thataregreaterthan3. In addition,the results
of thenaive algorithmwherenot signi cantly betterwhen
compareavith theresultsgeneratedby our heuristicalgo-



rithm. Theaveragenodesimilarity in the naive algorithm
treewasonly 0.8 higherthanthe averagesimilarity in
thetreegeneratedby our algorithm(0.6371vs. 0.6366).

Next we comparedhe binary andk-ary clusteringus-
ing syntheticandreal datasetsandshow thatin all cases
we lookedatwe only gainfrom usingthek-ary clustering
algorithm.

Choosingtheright valuefor is anontrivial task. The
major purposeof the k-ary algorithmis to reducethein-
uence of noiseand missingvaluesby relying on more
thanthat mostsimilar cluster Thus,the valueof de-
pendson the amountof noiseand missingvaluesin the
input datasetFor the datasetsve have experiencedvith,
we have foundthatthe resultsdo not changemuchwhen
usingvaluesof thatarehigherthan4 (toughthereis a
differencebetweer2 and4 aswe discussbelow). Dueto
thefactthattherunningtime increasessafunctionof
we concentraten

For computingthe hierarchicalclusteringresultswe
usedthe correlationcoefcients asthe similarity matrix
( ). The clusteringwas performedusing the average
linkagemethod[7].

Generateddata: Totesttheeffectof -aryclusteringand
orderingon the presentatiorof the data,we generatech
structuredinput dataset. This setrepresents880 tempo-
rally relatedgeneseachonewith 30time points.In order
to reducethe effect of pairwiserelationshipswe chose6
of thesegenes,and manuallyremoved for eachof them
6 time points, making thesetime points missingvalues.
Next we permutedthe genesandclusteredthe resulting
datasetwith the threemethodsdiscussedbove. There-
sultsarepresentedn Figure5. As canbe seenusingop-
timal leaf ordering(o.l.0.) with binary hierarchicalclus-
tering improved the presentatiorof the datasethowever
0.l.0. wasunableto overcomemissingvalues,and com-
binedpairsof geneswhich weresimilar dueto the miss-
ing values,but were not otherwisesimilar to a larger set
of genes.Usingthe morerobust -ary treealgorithm,we
whereableto overcomehe missingvaluesproblem.This
resultedn thecorrectstructureascanbeseenn Figure5b.
Visualizing Biological datasets: For the biological re-
sults we usedtwo datasets. The rst was a dataset
from [10] which looked at the chicken immune system
during normalembryonicB-cell developmentandin re-
sponseto the overexpressionof the gene. This
datasetonsistof 13 sampleof transformecdbursalfol-
licle (TF) and metastatictumors (MT). Thesesamples
where organizedin decreasingorder basedon the
overexpressionin eachof them. In that paperthe au-
thorsfocusedon approximately800genesshaving 3 fold
changen 6 of 13 samples.Thesegeneswhereclustered
using Eisens Cluster[7], and basedon manualinspec-
tion, 5 differentclusterswhereidenti ed. In Figure6 we

presentthe resultsof the three clusteringalgorithmson
this dataset.Theleft hand gure is takenfrom [10], and
containsthe labelsfor the 5 clustersidenti ed. In [10Q]
theauthorsdiscusghe ve differentclassesandseparate
theminto two groups. The rst is the groupof genesn
clustersA,B,E andD which (in this order)containgenes
that are decreasinglysensitve to overexpression.
Theseconds theclusterC which containsgeneghatare
not correlatedwith overexpression.As canbe seen,
whenusingthe -aryclusteringalgorithm(right handside
of Figure6) theseclustersaredisplayedn their corrector-
der. Furthermoregachclusteris organized(from bottom
to top) basedon the requiredlevel of overexpres-
sion. This allows for an easierinspectionandanalysisof
thedata.As canbeseenusingbinarytreeclusteringwith
o.l.0. doesnot yield the sameresultsincethe A andE
clustersarebrokeninto two parts.

The resulting 4-ary tree for the datasetis pre-
sentedin the left handside of Figure 6. Eachnodeis
representedy a vertical line. We highlighted (in red)
someof the nodesthat containlessthan4 children. Note
that some of these nodes correspondto clustersthat
whereidenti ed in the original paper(for example, the
top red nodecorresponddo clusterC). Had we useda
x ed , theseclustersmight not have hada single
nodeassociatedavith them.

Clustering Biological datasets: The secondbiological
datasetvelookedatis acollectionof 79 expressiorexper
imentsthat where performedunderdifferentconditions,
from [7]. In orderto compareour k-ary clusteringto
the binary clusteringwe usedthe MIPS complexes cat-
egories[1]. We focusedon the 979 genesthat appeared
in both the datasetand the MIPS database.In orderto
comparethe binary and4-ary results,we have selecteca
similarity threshold(0.3, thoughsimilar resultswere ob-
tainedfor otherthresholds)andusedthisthresholdo de-
terminethe clustersindicatedby eachof the trees. Start-
ing attheroot, we wentdown thetreeandin eachinternal
nodelookedatthe averagesimilarity of theleaves(genes)
thatbelongto the subtreerootedat thatnode. If the aver-
agesimilarity wasabovetheselectedhresholdhesubtree
rootedat that nodewasdeterminedo be a cluster Oth-
erwise,we continuedthe sameprocesaisingthe sonsof
thisinternalnode.

This procesgesultedin 36 distinct clustersfor the bi-
nary tree and 35 for the 4-ary tree. Next, we usedthe
MIPS complecesto computea p-value (usingthe hyper
geometrictest)for eachof the clusterswith eachof the
differentcomplexes,andto chosethe complex for which
theclusterobtainedhelowestp-value.Finally, we looked
atall the clusters(in both trees)thathadboth morethan
5 genedrom their selecteccomplex anda p-valuebelon



Hierarchicalclustering

Binary clusteringwith o.l.0.

4-treeclusteringwith o.l.0.

Figure5: Color comparisorbetweerthe threedifferentclusteringmethodson a manuallygeneratediataset.Greencorresponds
to decreasén value(-1) andredto increasg1). Grayrepresentsnissingvalues.

Theresultsseento supportour assumptiorthatthe 4-
ary treecangeneratanore meaningfulbiological results.
Theabove processesultedn 10signi cant clusterdn the
binary tree,while the 4-ary tree containedl 1 signi cant
clusters.Further asshavn in Table4, the clustersgener
atedby the 4-aryalgorithmwhere,on average morespe-
ci ¢ thanthebinaryclusters.Out of the 7 complexesthat
whererepresenteth bothtrees the4-arytreecontainedt
clustersfor which morethan50 of theirgeneselonged
to acertaincomple, while the binarytreecontainednly
two suchclusters.In particular for the Proteasomeom-
plex, the 4-ary tree containeda clusterin which almost
all of its genes(28 out of 29) belongedto this comple,
while for the correspondinglusterin the binarytreewas
muchlessspeci ¢ (28 out of 39 genes).Theseresultsin-
dicatethatour -ary clusteringalgorithmis helpfulwhen
comparedo the binary hierarchicalclusteringalgorithm.
Note that mary of the clustersin both the binary and 4-
ary algorithmsdo notoverlapsigni cantly with any of the
complees.Thisis notsurprisingsincewe have only used
thetoplevel catgyorizationof MIPS, andthussomeof the
complexes shouldnot clustertogether However, those
thatdo clusterbetterwhenusingthe 4-aryalgorithm.

5 Summary and futur e work

We have presente@nalgorithmfor generating -ary clus-
ters,andorderingthe leaves of theseclustersso thatthe
pairwiserelationshipsare presered despitethe increase
in thenumberof children.Our -ary clusteringalgorithm
runsin . As for ordering,we presentedan algo-
rithm which optimally orderstheleavesof abinarytreein
improving upon previous publishedalgorithmfor
this task. We extendedthis algorithmto order -arytrees
in , whichis ontheorderof for aconstant

We presentedseveral examplesin which the resultsof
ouralgorithmaresuperiorto theresultsobtainedusingbi-

narytree clustering,both with andwithout ordering. For
syntheticdataour algorithmwasableto overcomemiss-
ing valuesandcorrectlyretrieve ageneratedtructure For
biological dataour algorithmis betterin bothidentifying
the differentclustersandorderingthe dataset.
Therearesereralwaysin which onecanextendthere-
sultspresentedn this paper Oneinterestingopenprob-
lem is if we canfurtherimprove the asymptoticrunning
time of the optimal leaf ordering algorithm. A trivial
lower boundfor this problemis  which leavesa gapof
order betweerthe lower boundandthe algorithmpre-
sentedn this paper Notethathierarchicalclusteringcan
be performedin , thusreducingthe runningtime
of the o.l.0. solutionwould be usefulin practiceaswell.
Anotherinteresting(thoughmoretheoretical)problemis
theextensionof theo.l.o. algorithmfor atwo dimensional
guadtreewherethegoalis to orderboththerows andthe
columnsof theresultingoutcomesimultaneously
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In this appendixwe prove that the running time of the
divide and conqueralgorithm for ordering k-ary trees
(whichis presentedh Section3.3)is . In orderto
computethe runningtime of this algorithmwe introduce

Appendix

thefollowing notations:We denoteby the setof all
the possiblepartitionsof the subtreeof to two subsets
of equalsize. For let and bethetwo

subsetandlet and bethe numberof leavesin
eachof thesesubsetsTherunningtime of this algorithm
canbecomputeddy solvingthefollowing recursion:

Where

and if is asingletoncontainingonly onesub-
tree. Thefollowing lemmadiscussethemaximalrunning
time of thedivide andconquerapproach.
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Lemma6.1 Assume then

Proof: By inductionon

For we have andwe have alreadyshown
in Section3.2 how to constructanalgorithmthatachieres
this running time for binary trees. So

Assumecorrectnessor . Let . Thenfor
every we have

The rst inequality comesfrom the induction hypothe-
sis, and the secondinequality arisesfrom the fact that

doesnotintersect and .
Since —————, summingup on
all provesthelemma. ]

It is now easyto see(by usinga simpleinductionproof,
aswe did for the binary case)thatthe total runningtime
of thisalgorithmis: ———  whichisfasterthan

thedirectextensiondiscussedbove. If

thenthe samealgorithmcanbe usedby dividing the sub-

treesof totwo groupsof size  and . A sim-

ilar analysisshows thatin this casethe runningtime is
, Which (usingthe Sterlingapproxi-

mation)is
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