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Abstract. A major challenge in gene expression analysis is e®ective
data organization and visualization. One of the most popular tools for
this task is hierarchical clustering. Hierarchical clustering allows a user
to view relationships in scalesranging from single genesto large sets of
genes,while at the sametime providing a global view of the expression
data. However, hierarchical clustering is very sensitive to noise, it usually
lacks of a method to actually identify distinct clusters, and producesa
large number of possibleleaf orderings of the hierarchical clustering tree.
In this paper we propose a new hierarchical clustering algorithm which
reduces susceptibility to noise, permits up to k siblings to be directly
related, and provides a single optimal order for the resulting tree. Our
algorithm constructs a k-ary tree, where eadh node can have up to k
children, and then optimally orders the leavesof that tree. By combining
k clusters at each step our algorithm becomesmore robust against noise.
By optimally ordering the leaves of the tree we maintain the pairwise
relationships that appearin the original method. Our k-ary construction
algorithm runs in O(n®) regardlessof k and our ordering algorithm runs
in O(4%*°Mn3). We presert several examplesthat show that our k-ary
clustering algorithm achievesresults that are superior to the binary tree
results.

1 Intro duction

Hierarchical clustering is one of the most popular methods for clustering gene
expressiondata. Hierarchical clustering assenbles input elemeris into a single
tree, and subtreesrepresen di®eren clusters. Thus, using hierarchical clustering
onecan analyzeand visualize relationships in scalesthat rangefrom large groups
(clusters) to single genes.Howewer, hierarchical clustering is very sensitive to
noise, sincein a typical implementation if two clusters (or genes)are combined
they cannot be separated even if farther evidence suggestsotherwise [11]. In
addition, hierarchical clustering doesnot specify the clusters, making it hard to
distinguish betweeninternal nodesthat are roots of a cluster and nodes which
only hold subsetsof a cluster. Finally, the ordering of the leaves,which plays an
important role in analyzing and visualizing hierarchical clustering results, is not



de ned by the algorithm. Thus, for a binary tree, any oneof the 2"i * orderings
is a possibleoutcome.

In this paper we proposea new hierarchical clustering algorithm which re-
ducessusceptibility to noise,permits up to k siblings to be directly related, and
provides a single optimal order for the resulting tree, without sacri cing the
pairwise relationships betweenneighboring genesand clustersin the result. Our
solution replacesthe binary tree of the hierarchical clustering algorithm with
a k-ary tree. A k-ary tree is a tree in which ead internal node has at most k
children. When grouping k clusters (or genes)together, we require that all the
clusters that are grouped together will be similar to one another. It has been
showvn (e.g. in CLICK [11]) that relying on similarities among large groups of
geneshelps reduce the noise e®ectsthat are inherent in expressiondata. Our
algorithm utilizes this idea for the hierarchical case.

The number of children of eadh internal node is not xed to k. Rather, k is
an upper bound on this number, and if the data suggestsotherwise this humber
can be reduced. An advantage of such a method is that it allows us to highlight
someof the actual clusters sincenodeswith lessthan k children represen a set
of genesthat are similar, yet signi cantly di®erert from the rest of the genes.
Sudh a distinction is not available when using a binary tree.

Finally, our algorithm re-ordersthe resulting tree so that an optimally or-
dered tree is preseried. This ordering maximizes the sum of the similarity of
adjacert leavesin the tree, allowing us to obtain the best pairwise relationships
betweengenesand clusters, even whenk > 2.

The running time of our tree construction algorithm (for small values of k)
is O(n®), which is similar to the running time of currently used hierarchical
clustering algorithms. In order to obtain this performance we use a heuristic
algorithm for constructing k-ary trees. Our ordering algorithm runs in O(n?)
for binary trees, while for k > 2 our algorithm runs in O(4%* °K)n3) time and
O(kn?) spacewhich is feasibleeven for a large n (when k is small).

The rest of the paper is organized as follows. In Section 2 we presert an
algorithm for constructing k-ary trees from geneexpressiondata. In Section 3
we presernt our ordering algorithm. In Section 4 we presert some experimental
results, and Section 5 summarizesthe paper and suggestsdirections for future
work.

1.1 Related work

The application of hierarchical clustering to geneexpressiondata was rst dis-
cussedby Eisenin [5]. Hierarchical clustering has becomethe tool of choice for
many biologists, and it has been used to both analyze and preseri gene ex-
pressiondata [5,9]. A number of di®eren clustering algorithms, which are more
global in nature, where suggestedand applied to geneexpressiondata. Examples
of such algorithms are K-means, Self organizing maps [12] and the graph based
algorithms Click [11] and CAST [2]. These algorithms generate clusters which
are all assumedto be on the samelevel and thus lack the ability to represen the
relationships between genesand sub clusters as hierarchical clustering does. In



addition, they are usually lesssuitable for large scalevisualization tasks, since
they do not generatea global ordering of the input data. In this work we try to
combine the robustnessof theseclustering algorithms with the preseration and
°exible groupings capabilities of hierarchical clustering.

Recerly, Segaland Koller [10] suggesteda probabilistic hierarchical clus-
tering algorithm, to addressthe robustnessproblem. Their algorithm assumes
a speci ¢ model for geneexpressiondata. In cortrast, our algorithm does not
assumeany model for its input data, and works with any similarit y/distance
measure.ln addition, in this paper we presen a method that allows not only to
generatethe clustersbut alsoto view the relationships betweendi®erert clusters,
by optimally ordering the resulting tree.

The problem of ordering the leaves of a binary hierarchical clustering tree
dates badk to 1972[8]. Due to the large number of applications that construct
trees for analyzing datasets, over the years, many di®erert heuristics have been
suggestedfor solving this problem (c.f. [8,7,5]). These heuristics either use a
'local' method, wheredecisionsare madebasedon local obsenations, or a'global’
method, where an external criteria is usedto order the leaves.In [1] Bar-Joseph
et al presenied an O(n*) algorithm that maximizesthe sum of the similarities of
adjacert elemernts in the orderingsfor binary trees. This algorithm maximizesa
global function with respect to the tree ordering, thus achieving both good local
ordering and global ordering. In this paper we extend and improve this algorithm
by constructing a time and spaceezcient algorithm for ordering k-ary trees.

Recerily it hascometo our attention that the optimal leaf ordering problem
was also addressedby Burkard et al [3]. In that paper the authors presert an
0O(2kn?) time, O(2n?) spacealgorithm for optimal leaf ordering of PQ-trees.
For binary trees, their algorithm is essetially identical to the basic algorithm
we presert in section 3.2, exceptthat we proposea number of heuristic improve-
mernts. Although these do not a®ectthe asymptotic running time, we experi-
merntally obsenedthat they reducethe running time by 50-90%.For k-trees, the
algorithms di®er in their seard strategiesover the children of a node. Burkard
et al. suggesta dynamic programming approac which is more computationally
excient (0(25n?) vs. O(4X* oK) n3)), while we proposea divide and conquer ap-
proach which is more space-exciert (O(kn?) vs. O(2€n?)). The number of genes
(n) in a expressiondata set is typically very large, making the memory require-
mernts very important. In our experience,the lower spacerequirement, despite
the price in running time, enablesusing larger ks.

2 Constructing K -ary Trees

In this section we preseri an algorithm for constructing k-ary trees. We “rst
formalize the k-ary tree problem, and show that nding an optimal solution
is hard (under standard complexity assumptions). Next, we presen a heuristic
algorithm for constructing k-ary trees for a xed k, and extend this algorithm
to allow for nodeswith at most k children.



2.1 Problem statemen t

As is the casein hierarchical clustering, we assumethat we are given a gene
similarity matrix S, which is initially of dimensionsn by n. Unlike binary tree
clustering, we are interestedin joining together groups of sizek, wherek > 2. In
this paper we focus on the averagelinkage method, for which the problem can
be formalized as follows. Given n clusters denote by C the set of all subsetsof
n of sizek. Our goal is to nd a subsetb2 C s.t. V(b) = maxfV(t9)j’ 2 Cg
where V is de ned in the following way:

X
V(b) = S@i; )
i;j 2b;i<j

That is, V(b) is the sum of the pairwise similarities in b. After "nding b, we
mergeall the clustersin bto onecluster and compute a revised similarity matrix
in the following way. Denote by i a cluster which is not a part of b, and let the
cluster formed by the merging all the clusters of b be denotedby j . For a cluster
m, let jmj denote the number of genesin m, then:

P . .
rnngmJS(m;l)
m2bIMj

which is similar to the way the similarity matrix is updated in the binary case.
This processis repeated (nj 1)=(k j 1) times until we arrive at a single root
cluster, and the tree is obtained.

Finding b in ead step is the most expensiwve part of the above problem, as
we show in the next lemma. In this lemma we usethe notion of W[1] hardness.
Under reasonableassumptions,a W[1] hard problem is assumedto be f ixed
parameter intractable, i.e. the dependenceon k cannot be separatedfrom the
dependenceon n (see[4] for more details).

S(i;j) =

Lemma 1. Denote by M axSim (k) the problem of "nding the rst b setfor a
given k. Then M axSim is NP-hard for arbitrary k, and W[1] hard in terms of
K.

pro of outline: We reduce MAX-CLIQUE to M axSim (k) by constructing a
similarity matrix Sg and setting Sg(i; j) = 1 i® there is an edgebetweeni and
j in G. Since MAX-CLIQUE is NP and W[1] complete, M axSim (k) is NP and
W/1] hard.

2.2 A heuristic algorithm for constructing k-ary trees

As shawn in the previous section, any optimal solution for the k-ary tree con-
struction problem might be prohibitiv e even for small values of k, sincen is
very large. In this sectionwe present a heuristic algorithm, which hasa running
time of O(n?) for any k, and reducesto the standard averagelinkage clustering
algorithm when k = 2. The algorithm is preseried in Figure 1 and works in the
following way. Starting with a set of n clusters (initially ead geneis assignedto



a di®eren cluster), we generatea linked list of clustersfor ead cluster i, ordered
by their similarity to i in ascendingorder. For ead cluster i we compute V (by)
where Iy consistsof i and the clusters that appear in the rst kj 1 placeson
Li. Next, we nd b= max;fV(h)g, mergeall the clustersin bto a single cluster
denoted by p and recompute the similarity matrix. After "nding b and recom-
puting S we go over ead linked list and delete all the clustersthat are a subset
of b from all the lists, insert p to ead list and recompute ly for all clusters. In
addition, we generatea new linked list for p, and compute by.

K Tregn; S) f
C=1f1l:::ng
for all j 2 C /l preprocessingstep
Lj = agdered linked list of genesbasedon similarit y to j
b =j rst ki 1genesofL;
fori=1:(nj 1=ki 1)f // main loop
b= maxj2cfV(h)g
C=Cnb
Let p= minfm 2 by
for all clusterpj 2 C
imis(mj )

S(p;j) = —B— -

jmj
remove all clustmeisb in bfrom L;
insert ginto L;
b =g rst ki 1cluster of L
C=C p
generate L, from all the clustersin C and nd b,
g
return C // C is a singleton which is the root of the tree

Fig. 1. Constructing k-trees from expressiondata

Note that using this algorithm, it could be that eventhough j andi are the
most similar clusters,j and i will not end up in the samek group. If there is
a cluster t s.t. I includesi but doesnot include j, and if V(bx) > V(h), it
could be that j and i will not be in the samek cluster. This allows us to use
this algorithm to overcomenoiseand missing valuessince, even when using this
heuristic we still needa strong evidencefrom other clustersin order to combine
two clusters together.

The running time of this algorithm is O(n3®). Generating the L;s lists can be
donein O(n?logn), and "nding by for all genesj canbe donein kn time. Thus
the preprocessingstep takes O(n? logn).

For ead iteration of the main loop, it takesO(n) to nd b, and O(nk) to recom-
pute S. It takesO(kn? + n? + kn) to delete all the members of b from all the
L;s, insert p into all the L; s and recompute by . We needanother O(nlogn + k)
time to generateL, and compute b,. Thus, the total running time of ead iter-



ation is O(kn?). Sincethe main loop is iterated (nj 1)=(k j 1) time, the total
running time of the main loop is O(k(n | 1)n?=(k j 1)) = O(n3) which is also
the running time of the algorithm. The running time of the above algorithm can
be improved to O(n?logn). Howewer, since our ordering algorithm operatesin
O(n?), this will not reducethe asymptotic running time of our algorithm, and
thus we left the details out.

2.3 Reducing the number of children

Using a xed k can lead to clusters which do not have a single node assciated
with them. Considerfor examplea datasetin which we are left with four internal
nodesafter somemain loop iterations. Assumek = 4 and that the input data is
composedof two real clusters, A and B such that three of the subtreesbelongto
cluster A, while the fourth belongsto cluster B (seeFigure 2). If k was xed, we

A, A; B

RRRA RRRA

Fig. 2. In the left hand tree k is "xed at 4. This results in a cluster (A) which doesnot
have any internal node assciated with it. On the right hand side k is at most 4. Thus,
the three subtrees that form cluster A can be grouped together and then combined
with cluster B at the root. This results in an internal node that is assciated with A.

would have grouped all the subtreestogether, which resultsin a cluster (A) that
is not assaiated with any internal node. However, if we allow a smaller number
of children than k we could have rst grouped the three subtreesof A and later
combine them with B at the root. Note that is this case,nodeswith lessthan k
children represen a set of genesthat are similar, yet signi cantly di®erert than
the rest of the genes.

We now present a permutation basedtest for deciding on how many clusters
to combine in ead iteration of the main loop. There are two possibleapproaches
one can take in order to perform this task. The rst is to join asmany clusters
as possible (up to k) unlessthe data clearly suggestsotherwise. The secondis
to combine asfew clusters as possibleunlessthe data clearly suggestsotherwise.
Sincewe believe that in most casesmore than 2 genesare co-expressedin this
paper we usethe rst approad, trying to combine as many clusters as possible
unlessthe data clearly suggestsotherwise.

Let k = 3and let b, = argmax;fV (b)g wherei goesover all the clusters we
currently have. Let d and e be the rst and secondclusters on L. respectively.
We now wish to decide weather to combine the rst two clusters (c and d) or



combine all three clusters. Let max, = maxfS(c;e); S(d;e)g that is S, is the
maximal similarity betweene and one of the two clusterswe will combine in any
case..In order to test the relationship betweenmax, and S(c;d), we perform the
following test. In our case,ead cluster c is ass@iated with a pro e (the average
expressionvalue of the genesin ¢). Assumeour dataset corntains m experimerts,

and let p¢; ps and pe be the three clusters pro les. Let p be the 3 by m matrix,

where every row of pis a pro Te of one of the clusters. We permute eacd column
of p uniformly and independertly at random, and for the permuted p we compute
the best (s;) and secondbest (s,) similarities among its rows. We repeat this
procedurer times, and in ead casetest if s, is bigger than max, or smaller. If
S» > maxXe at least®r times (where ® is a userde ned value between0 and 1) we
combine ¢ and d without e, otherwise we combine all three clusters. Note that if
candd are signi cantly di®erert from e then it is unlikely that any permutation

will yield an s; that is lower than maxe, and thus the above test will causeus to
separatec and d from e. If c and d are identical to e, then all permutations will

yield an s, that is equalto maxe, causingus to mergeall three clusters. As for
the valuesof ®, if we set® to be closeto 1 then unlesse is very di®erern from

c and d we will combine all three clusters. Thus, the closer®is to 1, the more
likely our algorithm is to combine all three clusters.

For k > 3 we repeat the above test for ead k°= 3:::k. That is, we Tst test
if we should separatethe rst two clusters from the third cluster, as described
above. If the answer is yes,we combine the rst two clustersand moveto the next
iteration. If the answer is no we apply the sameprocedure, to test weather we
should separatethe rst three clustersfrom the fourth and soon. The complexity
of thesestepsis rk? for ead k° (sincewe needto compute the pairwise similarities
in each permutations), and at most rk? for the ertire iteration. For a xed r, and
k << n this permutation test doesnot increasethe asymptotic complexity of
our algorithm. Note that if we combine m < k clusters, the number of main loop
iteration increases.However, sincein this caseead the iteration takesO(n?m)
the total running time remains O(n3).

3 Optimal leaf ordering

In this sectionwe discusshow we presene the pairwise similarity property of the
binary tree clustering in our k-ary tree algorithm. This is done by performing
optimal leaf ordering on the resulting tree. After formally de ning the optimal
leaf ordering problem, we presert an algorithm that optimally ordersthe leaves
of abinary tree in O(n®). We discussa few improvemerts to this algorithm which
further reducesits running time. Next, we extend this algorithm and show how
it can be applied to order k-ary trees.

3.1 Problem statemen t

First, we formalize the optimal leaf ordering problem, using the following nota-
tions. For a tree T with n leaves, denote by z;; ¢¢¢; z, the leavesof T and by



vy ¢¢Cvy,, 1 the nj 1internal nodesof T. A linear ordering consistent with
T is de ned to be an ordering of the leavesof T generatedby °ipping internal
nodesin T (that is, changing the order betweenthe two subtreesrooted at v;,
for any v; 2 T). SeeFigure 3 for an example of node °ipping.

izt

1 2

Fig. 3. When °ipping the two subtreesrooted at the red circled node we obtain di®erert
orderings while maintaining the sametree structure. Sincethere arenj 1internal nodes
there are 2"i ! possible orderings of the tree leaves.

Sincethere arenj 1 internal nodes,there are 2" ! possiblelinear orderings
of the leavesof a binary tree. Our goalis to 'nd an ordering of the tree leaves,
that maximizesthe sum of the similarities of adjacert leavesin the ordering. This
could be stated mathematically in the following way. Denote by © the spaceof
the 2"i 1 possibleorderings of the tree leaves.For A2 © we de ne DA(T) to be:

A X
DAY= S(zaiz4.)
i=1

where S(u; w) is the similarity betweentwo leaves of the tree. Thus, our goal is
to nd an ordering Athat maximize D”(T). For suc an ordering A, we say that
D(T) = DA(T).

3.2 An O(n?) algorithm for binary trees

Assumethat a hierarchical clustering in form of a tree T has been xed. The
basicideais to createatable M with the following meaning.For any nodev of T,
and any two genesi and | that are at leavesin the subtreede ned by v (denoted
T(v)), de ne M (v;i; ) to be the cost of the best linear order of the leavesin
T (v) that beginswith i and endswith j. M (v;i; j) is de ned only if nodev is the
least common ancestorof leavesi and j ; otherwise no such ordering is possible.
If v is a leaf, then M (v;v;v) = 0. Otherwise, M (v;i; j) can be computed as
follows, where w is the left child and x is the right child of v (seeFigure 4 (a)):

M (v;i;j) = m(m‘?})ﬁm)M (w;i; h) + S(h; ) + M (x; 1;]): 1)

Let F(n) be the time neededto compute all de ned ertries in table (M (v;i; j))
for a tree with n leaves.We analyzethe time to compute Equation 1 as follows:
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(@) Computing M (v;i; j) for a binary tree (b) K-ary tree

Fig. 4. (a) A binary tree rooted at V. (b) Computing M (v;i; j) for the subtreesorder
1:::k. For each possible ordering of 1:::k we can compute this quantity by adding
internal nodes and using the binary tree algorithm.

Assumethat there arer leavesin T(w) and p leavesin T(x), r + p= n. We must
“rst compute recursively all valuesin the table for T(w) and T(x); this takes
F(r) + F(p) time.

To compute the maximum, we compute a temporary table Temp(i; |) for all
i 2 T(w)andl| 2 T(x) with the formula

Temp(i; 1) = Jmax, M (w;i; h) + S(h;1); (2)

this takes O(r?p) time since there are rp ertries, and we need O(r) time to
compute the maximum. Then we can compute M (v;i; j) as

M (v;i;j) = I£r1T<’:(li<)Tem|0(i;l)+ M(x;1;)): 3)

This takes O(rp?) time, since there are rp ertries, and we need O(p) time to
compute the maximum.

Thus the total running time obeys the recursion F(n) = F(r) + F(p) +
O(r?p) + O(rp?) which can be shawvn easily (by induction) to be O(n3), since
3+ pd+rp+rp? - (r+p)d=nd

The required memory is O(n?), since we only needto store M (v;i;j) once
per pair of leavesi and j.

For a balanced binary tree with n leaves we need - (n®) time to compute
Equation 1; hencethe algorithm has running time £ (n3).

We can further improve the running time of the algorithm in practice by
using the following techniques:

Early termination of the search. We canimprove the computation time for Equa-
tion 2 (and similarly Equation 3) by pruning the seard for maximum whenewer
no further improvemert is possible.To this end, setsmax (1) = maxp2 1wy S(h; ).



Sort the leavesof T (w) by decreasingvalue of M (w; i; h), and compute the max-
imum for Equation 2 processingleavesin this order. Note that if we nd aleafh
for which M (w;i; h) + smax (1) is bigger than the maximum that we have found
sofar, then we can terminate the computation of the maximum, sinceall other
leaves cannot increaseit.

Top-levelimprovement. The secondimprovemert concernsthe computation of
Equations 2 and 3whenv is the root of the tree. Let w and x bethe left and right
children of v. Unlike in the other cases,we do not needto compute M (v;i;j)
for all combinations of i 2 T(w) andj 2 T(x). Rather, we just needto nd the
maximum of all thesevaluesM nax = maxi; M (v;i; ).

De ne Max(v;i) = maxyz1(v) M (v;i; h). From Equation 1 we have

M max = max max M (w;i; h) + S(h; ) + M(x; 1;)) =
i2T(w);j 2T (x) h2T(w);12T(x)
= h2T(rV\T/1)?)2(T(x) Max(w; h) + S(h;1) + Max(x; 1):

Therefore we can rst precompute values Max(w;h) for all h 2 T(w) and
Max(x; 1) for all | 2 T(x) in O(n?) time, and then Nnd M ma in O(n?) time.
This is in cortrast to the O(n?®) time neededfor this computation normally.

While the above two improvemerts do not improve the theoretical running
time (and in fact, the ‘rst oneincreasest becauseof the sorting step), we found
in experiments that on real-life data this variant of the algorithm is on average
50{90% faster.

3.3 Ordering k-ary trees

For a k-ary tree, denote by v; :::vy the k subtreesof v. Assumei 2 v; and
J 2 vk, then any ordering of v, : :: vy, 2 is a possibility we should examine. For a
speci ed ordering of the subtreesof v, M (v;i; j) can be computed in the same
way we computed M for binary treesby inserting kj 2 internal nodesthat agree
with this order (see gure 4 (b)).

Thus, we rst compute M (v1.2; h; 1) for all h and | leavesof v; and v,. Next
we compute M (vi.2:3; 8; 8) and soon until we compute M (v;i; j) for this order.
This results in the optimal ordering of the leaves when the subtrees order is
V1 :::Vk. Sincethere are k! possible ordering of the subtrees, going over all k!
orderings of the subtreesin the manner described above givesrise to a simple
algorithm for nding the optimal leaf ordering of a k-ary tree. Denoteby p; ::: pk
the number of leavesin vy ::: vy respectfully. Denote by £ the set of k! possible
orderingsof 1:::k. The running time of this algorithm is O(k!n®) ascan be seen

using induction from the following recursion:
0 1
X X X1 X X
F(n)=  F(p)+ @ pu))?Puiey * C Pu))Phen A
i w2E i=1 j=1 j=1
X X X
kb pi+ (i P
i 2 £ i i



= Ki(py+ p2 + 1i:p)® = kin®

Where the inequality usesthe induction hypothesis.As for spacecomplexity, for
two leaves,i 2 vi andj 2 vx we needto store M (v;i;j). In addition, it might be
that for two other leavesm 2 v, and | 2 vi; 1 i andj aretwo boundary leavesin
the internal ordering of the subtreesof v, and thus we needto store the distance
betweenthem for this caseaswell. The total number of subdistanceswe needto
store for eadh pair is at mostk j 2, sincethere are only kj 2 subtreesbetween
the two leftmost and rightmost nodes, and thus by deleting all subpaths which
we do not usewe only needO(kn?) memory for this algorithm.

Though O(k!n?) is a feasiblerunning time for small ks, we canimprove upon
this algorithm using the following obsenation. If we partition the subtrees of
v into two groups, v° and v® then we can compute M (v) for this partition
(i.e. when the subtrees of v° are on the right side and the subtrees of v®°on
the left) by rst computing the optimal ordering on v° and v®separately and
then combining the result in the sameway discussedin Section 3.2. This gives
rise to the following divide and conquerglgo&ithm. Assumek = 2™, recursively
compute the optimal ordering for all the k'iz possiblepartitions of the subtrees
of v to two groups of equal size, and mergethem to nd the optimal ordering
of v. In order to compute the running time of this algorithm we introduce the
following notations: We denote by i (v) the set of all the possible partitions of
the subtreesof v to two subsetsof equal size.For © 2 j (v) let vo(1y and v-(»
be the two subsetsand let p-(;y and p.(» be the number of leavesin eat of
these subsets.The running time of this algorithm can be computed by solving
the following recursion:

X
F(nN)=F(pr+p2::i+p) = F(pi)+ D(Vv)
i=1
Where
X 2 2
D(v) = PEayPo2) + PPz + D(Veq)) + D(ve(p)
°2i (v)

and D (i) = 0if i is asingleton cortaining only one subtree. The following lemma
discusseghe maximal running time of the divide and conquerapproac.

Lemma 2. Assumek = 2™ then

@y X X
DV) -+ Qumit (P P
i=0 @) j=1 j=1
Proof. By induction on m.
For m = 1 we have k = 2 and we have already showvn in Section 3.2 how
to construct an algorithm that achievesthis running time for binary trees. So
D(v) = pfp2+ PP < 2(p1 + P2)°i P P3



Assumecorrectnessfor mj 1. Let k = 2™. Then for every ° 2 j (v) we have

PyP@ * PPy + D)+ D(v @)

2 2 (2mI 1)' 3. X 3
Po 1y P2 + Po2) Pop QW( )i Pt
j2°(@) i2°(@)
omi 1y| X X omi 1y X
+ Q(m. 2 ;I ( p)i Pjs ' H( P Pj3
)" i2°(@ i2°( (2" j=1 j=1

The rst inequality comesfrom the induction hypothesis, and the secondin-
equallty arisesfrom the fact &hat °(1) doesnot intersect°(2) and ° (1) °(2) =

::kg. Sinceji (v)j = k=2 = % summingup onall © 2 j proves
the Iemma.

It is now easyto see(by using a simple induction proof, aswe did for the binary
case)that the total running time of this algorithm is: O(an?*) which is

faster than the direct extension discussedabove. If 2™ < k < 2™*1 then the

samealgorithm can be usedby dividing the subtreesof v to two groups of size

2™ and kj 2™. A similar analysis shaws that in this casethe running time is

O(ng+l(2|),n3), which (using the Sterling approximation) is O(4%*°(K)n3),
i=0 :

4 Exp erimental results

In this section we comparethe binary and k-ary clustering using synthetic and
real datasets, and show that in all caseswe looked at we only gain from using
the k-ary clustering algorithm.

We report results that where generatedwith k = 4. We found that the re-
sults do not change much when using higher values of k. Due to the fact that
the running time increasesas a function of k, we concerrate onk = 4

Generated data: To test the e®ectof k-ary clustering and ordering on the
presenation of the data, we generated a structured input data set. This set
represens 30 temporally related genes,ead one with 30 time points. In order
to reduce the e®ectof pairwise relationships, we chose 6 of these genes,and
manually removed for ead of them 6 time points, making these time points
missing values.Next we permuted the genes,and clusteredthe resulting dataset
with the three methods discussedabove. The results are presenied in Figure 5.
As can be seen, using optimal leaf ordering (0.l.0.) with binary hierarchical
clustering improved the presenation of the dataset, howewver o.l.0. was unable
to overcome missing values, and combined pairs of geneswhich where similar
due to the missing values, but where not otherwise similar to a larger set of
genes.Using the more robust k-ary tree algorithm, we where able to overcome
the missingvaluesproblem. This resulted in the correct structure ascan be seen
in Figure 5. Note that by simply fusing together binary tree internal nodesone



cannot arrive at the correct order achieved by the 4-ary algorithm. The correct
order only arisesfrom the fact that we allow the algorithm to combine 4 leaves
simultaneously.

Hierarchical clustering Binary clustering with o.l.0. 4-tree clustering with o.l.0.

Fig. 5. Color comparison betweenthe three di®erert clustering methods on a manually
generated dataset. Green corresponds to decreasein value (-1) and red to increase(1).
Gray represerts missing values.

Visualizing Biological datasets: In [9] the authors looked at the chicken im-
mune system during normal embryonic B-cell developmernt and in responseto
the overexpressionof the myc gene.This dataset consistsof 13 samplesof trans-
formed bursal follicle (TF) and metastatic tumors (MT). These sampleswhere
organizedin decreasingorder basedon the myc overexpressionin ead of them.
800 genesshawing 3 fold change where clustered using Eisen's Cluster [5], and
basedon manual inspection, 5 di®eren clusters whereidenti ed. The 5 clusters
where separatedinto two groups. The rst cortains four of the clusters (A,B,E
and D) which (in this order) contain genesthat are decreasinglysensitiveto myc
overexpression.The secondis the cluster C which contains genesthat are not
correlated with myc overexpression.We comparedthe results of the three clus-
tering algorithms for this dataset (results not shown, seeweb supplmmert at:
http://psrg.lcs.mit.edu/  zivbj/W ABIO2/c hick.html). We found that when using
the k-ary clustering algorithm these clusters were displayed in their correct or-
der. Furthermore, ead cluster is organized (from bottom to top) basedon the
required level of myc overexpression.This allows for an easierinspection and
analysis of the data. On the other hand, using binary tree clustering with o.l.0.
doesnot yield the sameresult and the A and E clusters were broken into two
parts. In addition, from looking at the 4-ary tree our algorithm generatedwe
obsened that someof its internal nodesthat cortain lessthan 4 children corre-
spond to clustersthat whereidenti ed in the original paper. Had we useda xed
k = 4, theseclusters might not have had a single node assaiated with them.

Clustering Biological datasets: The secondbiological dataset we looked at
is a collection of 79 expressionexperiments that where performed under di®er-



Complex # genes binary tree 4-ary tree

# 2 com- |cluster ratio |# 2 com- [cluster ratio

plex size plex size
Cytoskeleton 48 48 979 .05 |27 438 .06
Intracellular 72 49 644 .08 |44 541 .08
Proteasome 35 28 28 1 28 28 1
Replication 48 36 236 A5 |31 235 13
Respiration chain |31 16 111 14 |26 32 .81
RNA processing (107 74 644 A2 |107 979 A1
Translation 208 105 106 99 111 111 1
Transcription 156 156 979 16 |87 438 .20

Table 1. Comparison between the binary tree and 4-ary clustering algorithms using
the MIPS complexesdatabase. Seetext for complete details and analysis.

ent conditions, from [5]. In order to compareour k-ary clustering to the binary
clustering we usedthe MIPS complexescategories

(from http://www.mips.bio chem.mpg.de).We focusedon the 979 genesthat ap-
pearedin both the datasetand the MIPS database.For eat complexfamily, and
ead clustering algorithm (binary and 4-ary), we determined the cluster (internal
node in the tree) that holds at least half of the genesin that family, and has
the highest ratio of genesfrom that family to the total number of genesin that
cluster. We report the results for the 8 families having more than 30 genesin
Table 4. For three families (Proteasome,Respiration chain, and Translation) our
4-ary tree contains clusters in which these families are signi cantly overrepre-
serted. The binary tree doesnot contain a signi cant cluster for the Respiration
chain complex. In addition, for the Translation complex our 4-ary tree cortains
a cluster in which all 111 genesbelongto this family, while the binary tree con-
tains a cluster with lessgenes(106) out of which one genedoesnot belongto the
Translation complex. Theseresults indicate that our k-ary clustering algorithm
is helpful when comparedto the binary hierarchical clustering algorithm, and
that it doesnot generatea tree which simply fusesbinary tree nodes. Note that
for some of the families both the binary and 4-ary algorithms do not contain
an internal node that is signi cantly assaiated with the complex. This is not
surprising since we have only used the top level categorization of MIPS, and
thus someof the complexesshould not cluster together. However, thosethat do,
cluster better when using the 4-ary algorithm.

5 Summary and future work

We have presentied an algorithm for generating k-ary clusters, and ordering the
leaves of these clusters so that the pairwise relationships are presened despite
the increasein the number of childrens. Our k-ary clustering algorithm runs in
O(n®) and our ordering algorithm has a running time of O(4k* °X)n3) which is
on the order of O(n®) for a constart k. We preseried seweral examplesin which



the results of our algorithm are superior to the results obtained using binary
tree clustering, both with and without ordering.

An interesting open problem is if we can further improve the asymptotic
running time of the optimal leaf ordering algorithm. A trivial lower bound for
this problem is n? which leavesa gap of order n betweenthe lower bound and
the algorithm preseried in this paper. Note that hierarchical clustering can be
performedin O(n?) (see[6]), thus reducingthe running time of the o.l.0. solution
would be useful in practice aswell.
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