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We prop ose a model-driv en approach for analyzing genomic expression data that
permits genetic regulatory networks to be represented in a biologically interpretable
computational form. Our models permit latent variables capturing unobserved
factors, describe arbitrarily complex (more than pair-wise) relationships at vary-
ing levels of re�nemen t, and can be scored rigorously against observational data.
The models that we use are based on Bayesian networks and their extensions.
As a demonstration of this approach, we utilize 52 genomes worth of A�ymetrix
GeneChip expression data to correctly di�eren tiate between alternativ e hypothe-
ses of the galactose regulatory network in S. cerevisiae. When we extend the
graph semantics to permit annotated edges,we are able to score models describing
relationships at a �ner degree of speci�cation.

1 In tro duction

The vast quantit y of data generatedby genomicexpressionarrays a�ords re-
searchers a signi�can t opportunit y to transform biology, medicine, and phar-
macology using systematic computational methods. The availabilit y of ge-
nomic (and eventually proteomic) expressiondata promises to have a pro-
found impact on the understanding of basic cellular processes,the diagnosis
and treatment of disease,and the e�cacy of designingand delivering targeted
therapeutics. Particularly relevant to these objectives is the development of
a deeper understanding of the various mechanismsby which cells control and
regulate the transcription of their genes. In this paper, we present a prin-
cipled method for using genomic expressiondata to elucidate these genetic
regulatory networks.

While the potential utilit y of expressiondata is immense,someobstacles



will needto beovercomebeforesigni�can t progresscanberealized. First, data
from expressionarrays is inherently noisy. Despite this, expressionanalysis
results to date have generally been reported without measuresof statistical
signi�cance. Second,our knowledgeregarding genetic regulatory networks is
extremely limited. Consequently , hypothesesabout their structure or func-
tion may be incomplete or include knowledgeat varying levels of re�nement.
Third, geneexpressionis regulated in a complex and seeminglycombinatorial
manner.1 Nevertheless,most analysis of expressionarray data utilizes only
pair-wise measuresto compareexpressionpro�les.

Existing techniques for analyzing genomicexpressiondata do not permit
the statistical testing of hypothesesabout the form or functioning of com-
plex multi-v ariate regulatory networks responsible for transcriptional control.
Typically, analysis is performed by clustering the expressionpro�les of a col-
lection of genesusing pair-wise measuressuch as correlation,2;3;4;5 Euclidean
distance,6;7;8 or mutual information. 9;10 Resultsarevisualizedgraphically and
used to demonstrate coordinated patterns of expression.2;5;7 Extensions to
this basic idea include identifying clusters with common cis-acting sequence
motifs8;11 and computing regulatory dependenciesby correlating laggedtime-
seriesdata.12 As noise in expressionarray data is typically not analyzed in
detail, the signi�cance of alternativ e conclusionsfrom thesestudies cannot be
quantitativ ely compared. Finally, a single framework currently doesnot exist
that permits models to describe latent variables (such as protein levels) and
make predictions that can be veri�ed later as data becomesavailable.

Previous e�orts at modeling genetic regulatory networks have generally
fallen into one of two classes,either employing Boolean models,13;14;15 which
are restricted to logical (Boolean) relationships between variables, or using
systemsof di�eren tial equationsto model the continuousdynamics of coupled
biological reactions.16;17;18 While low-level dynamicsare critical to a complete
understanding of regulatory networks, they require a great deal of speci�ca-
tion, not only in terms of reaction rates and di�usion constants but also in
the precisestructure of the relationships betweenvariables.

The work of Friedman, et al.,19 represents a single point of departure by
using Bayesian networks to analyze expressiondata. Their work focuseson
the discovery of Bayesiannetworks, however, and doesnot considereither the
addition of latent variablesfor capturing the in
uence of currently unobserved
variables or the annotation of edgesfor representing biological knowledgeat
di�eren t levels of re�nement.

We proposea technique for scoringmodelsof genetic regulatory networks
basedon Bayesiannetworks and their extensions. In our approach, Bayesian
networks are used to describe relationships between variables in a genetic



regulatory network. Unlike other approaches such as clustering, a Bayesian
network can describe arbitrary combinatorial control of geneexpressionand
thus it is not limited to pair-wise interactions between genes. Due to their
probabilistic nature, Bayesiannetworks are robust in the faceof both imper-
fect data and imperfect models. Moreover, Bayesiannetworks permit latent
variables capturing unobserved factors and allow relationships at varying lev-
elsof re�nement to be speci�ed. Most importantly , the modelsarebiologically
interpretable and can be scoredrigorously against observational data.

Sections2 and 3 of this paper provide an intro duction to Bayesian net-
works and the Bayesianscoring metric, a principled method for scoring these
networks. In Section 4, we use this metric to scoremodels of the galactose
regulatory network in yeast. In Section 5, we extend Bayesian networks by
adding the abilit y to represent and scoremodels with annotated edges,and
in Section 6, we scoreannotated models of the galactoseregulatory network.
We discusslimitations and further extensionsin Section 7.

2 Mo deling regulatory net works with Bayesian net works

Bayesiannetworks20;21;22 are a member of the family of graphical models, a
classof 
exible and interpretable models for representing probabilistic rela-
tionships amongvariables of interest. Variables in a Bayesiannetwork can be
either discrete or continuous, and can represent mRNA concentrations, pro-
tein concentrations, protein modi�cations or complexes,metabolites or other
small molecules,experimental conditions, genotypic information, or conclu-
sions such as diagnosisor prognosis. A variable that describes an observed
value is called an information variable, while a variable that describes an
unobserved value is called a latent variable.

A Bayesiannetwork describesthe relationships betweenvariablesat both
a qualitativ e and a quantitativ e level. At a qualitativ e level, the relation-
shipsbetweenvariablesare simply dependenceand conditional independence.
These relationships are encoded in the structure of a directed graph, S, to
achieve a compact and interpretable representation. Vertices of the graph
correspond to variables, and directed edgesbetweenvertices represent depen-
denciesbetweenvariables. Formally, if X and Y are d-separatedby a set of
vertices Z , then X and Y are conditionally independent given Z . In particu-
lar, if there is a directed edgefrom X to Y , then Y is dependent on X . Since
Y can have multiple incoming directed edges,it can depend combinatorially
on multiple variables. We call variables that have a directed edgeto Y the
parents of Y , denoted Pa(Y).

At a quantitativ e level, relationships betweenvariables are described by



a family of joint probabilit y distributions that are consistent with the inde-
pendenceassertionsembedded in the graph. Each member of this family is
described by the vector of parameters,� , that characterize it. As this method
is Bayesianin nature, wedo not consideronly a singlevalue for � , but rather a
distribution over all possiblevaluesof � that are consistent with the structure
of the graph, S. In a Bayesiannetwork, each joint probabilit y distribution over
the spaceof variablescan be factored into a product over the variables,where
each term is simply the probabilit y distribution for that variable conditioned
on the set of parent variables:

P(X 1; : : : ; X n ) =
nY

i =1

P(X i jPa(X i )) (1)

The parametersthat characterize the conditional probabilit y distributions on
the right hand side of Equation 1 comprise the parameter vector, � .

Although we only discussstatic modelsof regulatory networks in this pa-
per, Bayesiannetworks can also be usedto model dynamic processessuch as
feedback.23;24;25 This is accomplishedby \unrolling" a static model, creating
a seriesof connectedmodels that contain dependenciesspanning acrosstime
steps. In a modeling context, dynamic Bayesiannetworks smoothly interpo-
late betweenstatic graphical models and di�eren tial equation models.

3 Scoring net work mo dels with the Bayesian scoring metric

When scoring Bayesian networks against observational data, we employ the
Bayesian scoring metric, a principled statistical scoring metric that allows
us to directly comparethe merits of alternativ e models of genetic regulatory
networks.a The model scoresproducedby the Bayesianscoringmetric permit
us to rank alternativ e models basedon their abilit y to explain observed data
economically. Moreover, the di�erence betweenthe scoresfor any two models
leadsto a direct signi�cance measurefor determining how strongly oneshould
be preferred over the other.

According to the Bayesianscoringmetric, the scoreof a model is de�ned as
the logarithm of the probabilit y of the model being correct given the observed
data. Formally,

BayesianScore(S) = logp(SjD ) (2)

= logp(S) + logp(D jS) + c (3)

a Due to space limitations, we present here only the basic intuition behind the Bayesian
scoring metric; more detailed quantitativ e treatmen ts are available elsewhere.26;27 We note
that the entire discussion is equally valid in the case of dynamic Bayesian networks.



where the �rst term is the log prior distribution of S, the secondterm is the
log likelihood of the observed data D given S, and c is a constant that does
not depend on S. The likelihood term can be expandedas follows:

p(D jS) =
Z

� � �
Z

�

� (D ; � jS) d� (4)

=
Z

� � �
Z

�

p(D j� ; S)� (� jS) d� (5)

From this last expression,we seethat the likelihood component of a model's
scorecan be viewed asthe averageprobabilit y of generatingthe observeddata
over all possiblevaluesof the parameter vector, � .

Becausethe Bayesian scoring metric includes an averageover a family
of probabilit y distributions, it is well suited to our context for a number of
reasons.First, it includes an inherent penalty for model complexity, thereby
balancing a model's abilit y to explain observed data with its abilit y to do
so economically. Consequently , it guards against over-�tting models to data.
Second,regulatory network models are permitted to be incomplete. An in-
completemodel contains additional degreesof freedompertaining to the pos-
sible ways of completing the model, and is thus penalized by the scoring
metric for these additional degreesof freedom. Scoresimprove as a model
convergesto properly depict underlying regulatory mechanisms without ex-
traneous degreesof freedom,thereby allowing network elucidation to proceed
incrementally . Third, it allows us to represent uncertainty about the precise
dependenciesbetweenvariables sincewe neednot selecta single value for � ,
but rather can permit all feasiblevaluesto exist in the distribution over � .

One way to scoremodels with latent variables is to instantiate the latent
variables by sampling from the distribution of possiblevalues for each such
variable (e.g., MCMC methods). Though this is feasible for small networks,
it becomescomputationally prohibitiv e as networks becomevery large. In
such settings, variational approximation methods28;29 can be used, either on
their own or in conjunction with sampling. Moreover, variational methods
also yield upper and lower bounds on the score,enabling the highest scoring
graph to often be identi�ed without resorting to sampling.

4 Example: scoring mo dels of the galactose system

As an initial demonstration of the utilit y of Bayesiannetworks, wehavechosen
to analyze and score models of the genetic regulatory network responsible
for the control of genesnecessaryfor galactosemetabolism in S. cerevisiae.



As this is a fairly well-understood model system in yeast, it a�ords us the
opportunit y to evaluate our methodology in a setting where we can rely on
acceptedfact. We are utilizing our methodology to exploreother systemsthat
are lesswell-understood, but do not present those results here.

Examples of genetic regulatory networks represented as Bayesian net-
works are shown in Figure 1. Boxed variables describe mRNA levels that
can be determined from expressionarray data. Unboxed variables describe
protein levels; in this model we treat them as latent variables whosevalues
cannot be measureddirectly. The two networks in the �gure represent two
competing models of a portion of the galactosesystem in yeast, and di�er in
terms of the dependencerelationships they asserthold betweenthe variables
Gal80p, Gal4m, and Gal4p. To quote from Johnston, \it was originally pro-
posed that GAL80 protein is a repressorof GAL4 transcription. It is now
clear that GAL4 is expressedconstitutiv ely and that its activit y is inhibited
by GAL80 protein posttranslationally." 30 The network on the left (M1) repre-
sents the original proposition, while the network on the right (M2) represents
the new assertion. The models in Figure 2 represent the same conditional
independenceassertionsof the models in Figure 1, but are simpli�ed to reveal
the kernel of the distinction betweenthe two hypotheses.

Expression data for this analysis consisted of 52 genomes worth of
A�ymetrix S. cerevisiae GeneChip data. To score these two competing hy-
potheses'abilit y to explain the observed data, we used the Bayesianscoring
metric, as described in the previous section. We performed binary quanti-
zation independently for each gene using a maximum-likelihood separation
technique. Other sensiblequantization methods could also have been em-
ployed; for the particular data set and models in our example, the results do
not depend on the quantization method and are robust among various di�er-
ent sensiblemethods. In general,however, the quantization method employed
will a�ect reported scores,and we are developing quantization methods that
are suited for expressionarray data.b

Using the Bayesianscoring metric, we are able to comparethe two mod-
els shown in Figure 2 in terms of their relative likelihood of explaining the
observed (now quantized) data. The model M1, in which Gal80p represses
transcription of Gal4m, receiveda scoreof -44.0,while the model M2, in which
Gal80p inhibits Gal4p activit y, received a scoreof -34.5. This scoredi�erence
translates to the data being over 13,000times more likely to be observed un-
der M2, the currently acceptedmodel. For extra measure,we also scoreda

bBayesian networks are capable of modeling contin uous variables using parametric or semi-
parametric density estimation, but quantization is more robust in a setting such as this one
where only a small number of datasets is available.



Figure 1. Representative Bayesian networks for describing a portion of the galactose sys-
tem in yeast. The model M1 on the left represents the claim that Gal80p represses the
tr anscription of Gal4m, while the model M2 on the right represents the claim that Gal80p
inhibits Gal4p activity posttr anslational ly. In M1, Gal2m is independent of Gal80m when
conditione d on Gal4m, and in M2, Gal4m is marginal ly independent of Gal80m.

Figure 2. Simpli�e d Bayesian networks for describing a portion of the galactose system
in yeast. These simpli�e d versions of M1 and M2 capture the kernel of the conditional
independence assertions of the more complex models of Figur e 1. As above, in M1, Gal2m
is independent of Gal80m when conditione d on Gal4m, and in M2, Gal4m is marginal ly
independent of Gal80m.

more complex model (M1 or M2) that would admit either of the two models
as special cases. The data do not persuadeus to accept such a model since
the score(-35.4) is lower than that of the currently acceptedmodel.

We then broadened our scope to consider not only these three models,
but all possiblemodels among thesethree variables.c Results of this analysis
are shown in Figure 3. As is evident from the �gure, the models fall into two
primary groupings basedon their score: those that include an edgebetween
Gal80 and Gal2 (unshaded) which scorebetween -34.1 and -35.4, and those

cNote that some model possibilities are equivalent to others in that they describe the same
set of conditional independencies; we thus consider all possible model equivalence classes.



Figure 3. Scores for al l model equivalence classes of the three variable galactose system.
The classesof models that score poorly are shown shaded. The previously considered models
M1, M2, and (M1 or M2) are indic ated.

that do not include an edgebetween Gal80 and Gal2 (shaded) which score
between-42.2and -44.0. This lendssupport to the claim that Gal80 and Gal2
are very unlikely to be conditionally independent given Gal4, again consistent
with the currently acceptedhypothesis.

5 Represen ting and scoring mo dels with annotated edges

We now extend Bayesian network models by adding the abilit y to annotate
edges,permitting us to represent additional information about the type of
dependencerelationship betweenvariables. Although many such annotations
arepossible,weconsiderhereonly four typesin the context of binary variables:

� An unannotated edgefrom X to Y represents a dependencethat can be
arbitrary (the default case). In the presenceof unannotated edgesfrom
all parents of Y , we can represent arbitrary combinatorial control of Y .

� A positive (\ + ") edge from X to Y indicates that higher values of X
will bias the distribution of Y higher. This monotonic in
uence of X
on Y holds for all possiblevaluesof the other parents of Y , though the
strength of the in
uence can vary with the setting of the other parents.
Formally, for all instantiations I of the variables in Pa(Y )=X , we require
P(Y = 1jX = 1; I ) > P(Y = 1jX = 0; I ).



� A negative (\ � ") edgefrom X to Y indicates that higher values of X
will bias the distribution of Y lower. This monotonic in
uence of X on Y
holds for all possiblevaluesof the other parents of Y , again with possibly
varying strength. Formally, for all instantiations I of the variables in
Pa(Y )=X , we require P(Y = 1jX = 0; I ) > P(Y = 1jX = 1; I ).

� A positive/negative (\ +/ � ") edgefrom X to Y indicates that Y 's de-
pendenceon X is either positive or negative but the true relationship is
not known. This in
uence of X on Y holds for all possiblevaluesof the
other parents of Y , again with possibly varying strength.

Becauseedge annotations describe the relationship between a variable and
a single parent while Bayesian networks describe the relationship between
a variable and all its parents, we have chosen to specify the semantics of
annotations by requiring that the implied constraints hold for all possible
valuesof the other parents.

A given Bayesiannetwork can have any combination of edgeannotations.
This allows us to represent �ner degreesof re�nement regarding the typesof
relationships between variables when we desire, but does not force us to do
so since unannotated edgesare always permitted. It also permits a model
to evolve as more knowledgeis gained about the typesof in
uences that are
present in the biological system under study. For example, all edgescan be
initially unannotated, with + and � annotations being added incrementally
as activators and repressorsare identi�ed.

The implied constraints on the form of the dependencebetweenvariables
permit us to scoreannotated models much as we scoreunannotated models.
We simply modify the scoring metric so that the likelihood term is now the
averageprobabilit y of generating the observed data over all possiblevaluesof
the parametervector � that satisfy the constraints implied by the annotations.

6 Example: scoring annotated mo dels of the galactose system

When we expand the semantics of Bayesian networks to include annotated
edges,we are able to scoremodels that describe more �ne-grained relation-
shipsbetweenvariables. For example,when we consideragain the two models
M1 and M2, and allow the edgesin each model to take on all possiblecom-
binations of annotations (+, � , or +/ � ), we are able to scorethe models as
shown in Table 1. In model M1, adding di�eren t kinds of annotations fails
to change the scoresigni�can tly , as the structure of the graph is fundamen-
tally limited in explaining the observed expressiondata. The samee�ect is
observed when the edgebetween Gal4 and Gal2 is consideredin model M2,



Table 1. Scores for models M1 and M2 under al l possible con�gur ations of annotated edges.

Gal4 ! Gal2 Gal4 ! Gal2

� +/ � + � +/ � +

Gal80 � -45.33 -44.58 -44.16 Gal80 � -48.89 -47.27 -46.68

# +/ � -44.59 -43.83 -43.41 # +/ � -35.53 -35.44 -35.36

Gal4 + -44.17 -43.41 -42.98 Gal2 + -34.83 -34.75 -34.66

M1 M2

which is consistent with the results of Figure 3 indicating that the coupling
between Gal4 and Gal2 is indeed quite weak. In contrast, adding a + an-
notation to the edgebetween Gal80 and Gal2 results in a scorecomparable
with previously achieved scores,but adding a � annotation to the sameedge
worsensthe score dramatically. Such an asymmetric response is to be ex-
pected as failure to explain the observed data is more revealing than success.
This example illustrates that when the constraints implied by edgeannota-
tions cannot be satis�ed by the data, scoresresult that are as poor as when
the underlying structure is incorrect. For this reason,annotations serve as a
useful discriminator of the kinds of relationships present in the data.

Although Gal80 is known to act in a repressive role in the cell, its level
increasesas galactosebecomesavailable for metabolism. This increase,how-
ever, is more than o�set by a rise in the level of a factor that counteracts
the e�ect of Gal80. The identit y of this factor is currently unknown and
thus remains unmodeled here, but it is believed to be a byproduct of the
metabolism of galactose.30 A complete model would include the e�ect of this
latent (unmeasured)variable, and in such a model, it would be expected that
with su�cien t data, the edgebetween Gal80 and Gal2 would be labeled � ,
corresponding to the direct repressive role of Gal80. Nevertheless,in the lim-
ited model consideredhere, a + annotation for the edgeis indeed correct as
the level of Gal80 risesconcomitantly with the level of Gal2 in our experimen-
tal data. This example reveals that caution must be usedwhen interpreting
results from models that are incomplete.

7 Discussion/Conclusion

The galactoseexample is intended to illustrate that expressionarray data
can be quite useful in elucidating regulatory networks. While nine of the 52
experiments were carbon sourcetime-seriesexperiments, it should be noted



that none of the 52 was performed with the goal of distinguishing between
thesetwo models. Nevertheless,they were successfullyexploited to selectthe
currently acceptedmodel over the one that had previously beenpostulated to
be true, as well as clarifying the degreeand sign of the dependenciesbetween
the variables in these data sets. As more experiments becomeavailable and
morecomplexmodelsare formulated, thesemethodswill beable to distinguish
between subtle di�erences in proposedmodels in ways that are not possible
without computational assistance.

As previously discussed,model scoresdepend on the available data, which
has two implications. First, while Bayesiannetworks are well-suited to deal-
ing robustly with noisy data, as noise increases,the scoredi�erence between
correct and incorrect models (and thus the signi�cance) goes down. In the
limit of uninformativ e data, correct models will scoreas poorly as incorrect
ones, which is to be expected. Second,the abilit y of particular data to en-
hancescoredi�erence betweenmodels suggeststhe possibility of performing
experimental suggestionin the future. In such a context, existing models and
data could be usedto generatesuggestionsfor new experiments, yielding data
that would optimally elucidate a given regulatory network.

One limitation of comparing regulatory network models is that human
e�ort is neededto formulate the models being compared. However, with a
principled scoring metric, automatic model induction becomespossible. We
are currently working to develop model induction methods, especially ones
that are feasiblein models with latent variables.

As for the cost associated with scoring large models, it should be noted
that this cost is to a large extent basedon the in-degree(number of parents)
of the variables in the models. As we scaleup to larger models, the in-degree
is likely to remain fairly small whereasthe out-degreemight be very large,
which is �ne for our Bayesiannetwork approach.
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